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Abstract

As scaling laws for pretraining began to plateau, a new paradigm of of scaling test-
time compute emerged. Scaling test-time compute refers to the idea of chain-of-
thought reasoning and aggregating information across multiple outputs to enhance
model capability. These techniques have gained significant attention in the com-
munity with the latest reasoning models achieving state-of-the-art performance in
a variety of tasks. As we are moving into the era of scaling inference-time com-
pute, the need for efficient reasoning models becomes more pressing. Transformer
based architectures, while effective, incur substantial costs at inference time due to
quadratic complexity in the sequence length. Recent works propose the use of linear-
attention variants that increase the inference efficiency over very long sequences. In
this thesis, we explore the use of hybrid architectures that combine linear-attention
variants with transformers to achieve efficient models that exhibit sufficient reason-
ing capabilities while being scalable to long sequences and multiple outputs. First,
we present a unifying perspective of sequence-to-sequence models that allows us to
tie a lot of the progress in sequence modelling over the past few years together. This
perspective allows us to think of sequence-to-sequence models in a more general way
and provides deep connections to vast existing literature on Hopfield networks and
online learning. Second, we develop a novel cross-architecture distillation framework
that allows us to distill reasoning capabilities from a pretrained transformer architec-
ture and transfer them to a linear-attention-type hybrid architecture. This method
allows us to get performant hybrid models with a fraction of the cost, providing aca-
demics with a tool to explore the design space of hybrid models. To further decouple
architectural capacity and reasoning performance, we pretrain small hybrid models
on math datasets. Using extensive ablations, we show the necessary elements of
the architectural backbone and highlight avenues for further research. Third, we
explore the representational differences between a transformer and a hybrid model.
We specifically focus on the idea of in-context learning and design a simple task that
allows us to visualize the representational differences between architectures.

i





Acknowledgements

I would like to thank my supervisor, Dr. Cengiz Pehlevan for his guidance and
support throughout this thesis. This work was partially supported by the Heyning-
Roelli Foundation.

iii



Contents

Abstract i

Acknowledgements iii

1 Introduction 2

2 An Associative Memory Viewpoint 5
2.1 Historical Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Hopfield Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Dense Associative Memories . . . . . . . . . . . . . . . . . . . 8
2.3 Sequence-to-Sequence Models . . . . . . . . . . . . . . . . . . . . . . 9

2.3.1 Recurrent Neural Networks . . . . . . . . . . . . . . . . . . . 10
2.3.2 Gated RNNs . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.3 Softmax attention . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.4 Linear Attention . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.5 Gated Linear Attention . . . . . . . . . . . . . . . . . . . . . . 19
2.3.6 Fast weight programmers and DeltaNet . . . . . . . . . . . . . 20

2.4 A unifying perspective . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4.1 The memory representation . . . . . . . . . . . . . . . . . . . 23
2.4.2 The attentional Bias L . . . . . . . . . . . . . . . . . . . . . . 24
2.4.3 Retention Regularizer . . . . . . . . . . . . . . . . . . . . . . . 25
2.4.4 Optimization Algorithm . . . . . . . . . . . . . . . . . . . . . 25
2.4.5 Deriving existing architectures . . . . . . . . . . . . . . . . . . 26

3 Methods 29
3.1 Architectural Backbone . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.1.1 Transformer Architecture . . . . . . . . . . . . . . . . . . . . . 30
3.1.2 Sequence Mixing Layers: Softmax Attention . . . . . . . . . . 30
3.1.3 Sequence Mixing Layers: Mamba/GDN . . . . . . . . . . . . . 32

iv



3.1.4 Other architectural Components . . . . . . . . . . . . . . . . . 33
3.2 Training Datasets and Evaluation Metrics . . . . . . . . . . . . . . . 36

3.2.1 Training Datasets . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2.2 OpenR1-Math-220k . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2.3 Evaluation Datasets . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Pretraining . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 Cross-architecture distillation . . . . . . . . . . . . . . . . . . . . . . 38

3.4.1 Overview and Previous Work . . . . . . . . . . . . . . . . . . 40
3.4.2 Four stage transfer procedure . . . . . . . . . . . . . . . . . . 40

3.5 Scaling inference-time compute . . . . . . . . . . . . . . . . . . . . . 43

4 Results 47
4.1 Pretrained models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.1.1 Transformer Baseline . . . . . . . . . . . . . . . . . . . . . . . 47
4.1.2 Mamba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.1.3 Gated DeltaNet . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.1.4 Ablation Studies: Transformer . . . . . . . . . . . . . . . . . . 49
4.1.5 Ablation Studies: Gated DeltaNet and Mamba . . . . . . . . . 49

4.2 Cross architecture distillation . . . . . . . . . . . . . . . . . . . . . . 49
4.2.1 Gated DeltaNet and Mamba . . . . . . . . . . . . . . . . . . . 51

4.3 Understanding Representations . . . . . . . . . . . . . . . . . . . . . 55
4.3.1 In-context Graph Tracing . . . . . . . . . . . . . . . . . . . . 55

5 Discussion 59
5.1 Do we really need long context? . . . . . . . . . . . . . . . . . . . . . 59
5.2 Recurrent Depth and Latent Reasoning . . . . . . . . . . . . . . . . . 60
5.3 Test time training . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.4 Outlook on architectural design . . . . . . . . . . . . . . . . . . . . . 61

6 Conclusion 63

A Appendix 67
A.1 Chunkwise training of algorithms . . . . . . . . . . . . . . . . . . . . 67
A.2 Dataset Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

A.2.1 OpenMathInstruct2 . . . . . . . . . . . . . . . . . . . . . . . . 70
A.2.2 MetaMathQA . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
A.2.3 GSM8K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
A.2.4 MATH500 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72



1

A.2.5 OpenR1-Math-220k . . . . . . . . . . . . . . . . . . . . . . . . 73
A.2.6 OpenThoughts-114k-math . . . . . . . . . . . . . . . . . . . . 74

A.3 Further Pretraining Plots . . . . . . . . . . . . . . . . . . . . . . . . . 75



Chapter 1

Introduction

An important ingredient in the success of LLMs is the ability to reason from in-
formation provided within a context. This capability, also referred to as in-context
learning has often been attributed to the success of attention based architectures.
Just as neural scaling laws for training compute were beginning to plateau, Ope-
nAI’s o1 pointed the community to a novel paradigm based on test-time scaling, also
referred to as inference scaling (Kaplan et al., 2020; Henighan et al., 2020; Hoffmann
et al., 2022; OpenAI et al., 2024). DeepSeek-AI et al. (2025)’s subsequent release of
R1 further invigorated research by providing thorough details on the training process
of reasoning models. As such, there has been a rapidly growing list of strategies for
scaling test-time compute, the vast majority of which hinge on leveraging a model’s
internal chain of thought to "reason" before providing a final answer (Wei et al.,
2022). These methods have all been shown to drastically improve the performance of
models, especially on tasks such as mathematics and coding with verifiable rewards
(Shao et al., 2024).
These test-time scaling methods can be categorized broadly into two main branches:
sequential and parallel. Sequential scaling refers to increasing the length of a single
chain-of-thought, where the model is trained to utilize or independently discovers
techniques such as backtracking and self-reflection to improve the quality of the
response (Kumar et al., 2024; Muennighoff et al., 2025). This can achieved in a
number of different ways, most notably through the use of reinforcement fine-tuning
in DeepSeek-R1 and budget forcing in s1. Parallel scaling refers to increasing the
number of chains of thought, with a fixed or learned strategy to combine answers by
searching through completed responses to identify the best response candidates or
average to reduce variance in responses (Snell et al., 2024; Brown et al., 2024). More
advanced methods attempt to combine these methods together by encouraging the
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Chapter 1. Introduction 3

model to search over multiple chains of thought simultaneously during generation
and allow each chain-of-thought to learn from the others’ mistakes/reasoning (Xie
et al., 2024). Further yet, there exist some additional approaches to test-time scaling
which allow the model to "reason" on internal representations without outputting
tokens altogether (Hao et al., 2024). These methods have various advantages and
disadvantages, and it is an area of active research to determine which methods are
best-suited for a given task, model, and compute budget.
However, regardless of the specific test-time scaling approach, it remains the case
that these boosts in reasoning capabilities always come at a great computational
cost. For instance, OpenAI’s o3 model was able to score an unprecedented 87.5%
on the famous ARC-AGI benchmark, but this came at the cost of more than $3000
per problem (OpenAI, 2024; Chollet, 2019). This inference cost is directly tied to
the quadratic complexity of the Attention mechanism, which computes the rela-
tion between every token in a sequence resulting in a memory complexity of O(L2)

and time complexity of O(L2D), compared to feed-forward layers which scale as
O(LD2), where L and D are the sequence length and embedding dimension respec-
tively. Thus, as we scale to more or longer chains-of-thought, the total amount of
compute spent on each new token within each chain scales quadratically.
To circumvent this, we use Attention-free architectures such as Mamba or Mamba2,
also referred to as subquadratic architectures due to their complexity scaling sub-
quadratically with sequence length (Gu and Dao, 2023; Dao and Gu, 2024). These
architectures have been shown to closely match the performance of Transformers
on many language tasks, and have been shown to be performant in a slew of other
tasks (Liu et al., 2025; Ma et al., 2024; Nguyen et al., 2024; Yan et al., 2024). The
development and popularization of this architecture has reinvigorated research into
recurrent neural networks, resulting in a flurry of new subquadratic architectures
(Yang et al., 2023; Sun et al., 2023a; Peng et al., 2023; Yang et al., 2024b; Beck et al.,
2024). Additionally, recent methods have demonstrated that one can effectively dis-
till from pre-trained Transformers into Mamba and other subquadratic architectures
using supervised fine-tuning (Wang et al., 2024; Bick et al., 2025; Zhang et al., 2024a;
Wang et al., 2025b). These distilled models outperform subquadratic models trained
from scratch by leveraging the performance and optimization of high-quality models
such as Meta’s Llama series to develop highly performant subquadratic models with
a limited compute and data budget (Dubey et al., 2024).
While these architectures can match Transformers on most tasks, recent works have
identified a clear performance gap between Mamba and Transformers on in-context
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learning tasks. In particular, these architectures struggle on language tasks requir-
ing associative memory such as selective copying and multi-query associative recall
(Arora et al., 2023; Jelassi et al., 2024), where the model must be able to effectively
recall information seen only at inference time. This calls back to research on the
Hopfield Network from Hopfield (1982), and its connections to the attention mech-
anism in Ramsauer et al. (2020). Empirical researchers have developed a suite of
synthetic tasks that highlight differences between Mamba and Transformers while
theoretical researchers have formally proven that transformers are strictly more ex-
pressive (Arora et al., 2024; Poli et al., 2024). Simply put, the finite size of Mamba’s
hidden states limits its memory capacity. However, it is still unclear what impact
this associative recall gap has on the performance of the model in real-world applica-
tions. Furthermore, researchers have found that hybrid models composed of Mamba
layers interleaved with Attention layers can alleviate this associative recall gap in
language tasks while retaining much of the computational gains (Lieber et al., 2024;
Ren et al., 2024; Glorioso et al., 2024; Zuo et al., 2025).
In this thesis and our recent paper Chaudhry et al. (2025), we provide the first ex-
ploration into the efficacy of test-time scaling on these subquadratic architectures.
We find that inclusion of a small proportion of attention layers, as little as 15-25%
of the total layers, greatly increases performance on mathematical reasoning tasks.
Further, we provide extensive ablations on the core components of these hybrid
architectures, which precisely quantify their respective contributions. To extend
our investigation to larger scale models, we adapt the cross-architecture distillation
framework from Wang et al. (2025b) and train various linear-attention variants.
We find that while distillation provides a viable pathway for experimentation, fully
recovering the teacher’s performance proves challenging, making it difficult to disen-
tangle inherent architectural limitations from procedural artifacts of the distillation
process itself. To probe the underlying representational differences between architec-
tures, we test these models on a simple graph task from Park et al. (2025) revealing
that models with low attention struggle to form robust internal representations. We
therefore hypothesize that the capacity for inferring semantics from context is a ca-
pability enabled by the attention mechanism. With recent open-source models from
OpenAI OpenAI (2025) interleaving sliding window and full attention, it remains
a critical and open question how to best design hybrid architectures with superior
memory and reasoning capabilities in the era of test-time scaling.



Chapter 2

An Associative Memory Viewpoint

The ambition to create artificial systems that learn, store and retrieve information
in a manner analogous to the human brain has been a central pursuit in science
for nearly a century (Hebb, 1950; Willshaw et al., 1969; Hopfield, 1982; Rumelhart
et al., 1986). Unlike computers, which consists of a location addressable memory, we
seek to develop content-addressable memory. We want to retrieve a stored pattern of
information by providing a partial, noisy or corrupted version of the pattern. This
property, known as associative recall, is a hallmark of biological memory and its
cognitive capabilities of error correction. The evolution of modern sequence models
(Sutskever et al., 2014; Vaswani et al., 2023) is rooted in this long standing effort to
find a powerful and scalable model of associative memory. To fully appreciate the
modern sequence models, we must first trace their intellectual lineage back to the
foundational ideas in computational neuroscience.

2.1 Historical Context

Neural network models that use their dynamics to perform some form of computation
have been long studied in the field of computational neuroscience. McCulloch and
Pitts (1943) proposed a binary neuron as a model for the functioning of biological
neurons. Let x1 . . . xn be the inputs to the neuron where each xi takes a value of
0 or 1. Let w1 . . . wn be the weights of the connections between the inputs and the
neuron such that wi can be either 1, -1, or 0. The neuron is said to be active if the
weighted sum of the inputs is greater than a threshold θ. The output of the neuron
is then given by,

y =

1 if
∑n

i=1 wixi > θ

0 otherwise
(2.1)

5



6 2.1. Historical Context

The McCulloch-Pitts neuronal network of these simple units could implement any
logical function (AND, OR, NOT). They demonstrated that complex computation
could itself arise from the collective behavior of a network of simple, interconnected
elements. This model, however was a static model. The weights and the threshold
were fixed, and hence the model could compute, but not learn.
Donald Hebb in his 1949 book, Organization of Behavior (Hebb, 1950) proposed a
principle of synaptic plasticity that would become one of the foundational postulates
of neural networks. The Hebb’s Postulate (Stent, 1973) states,

"When an axon of cell A is near enough to excite a cell B and repeatedly
or persistently takes part in firing it, some growth process or metabolic
change takes place in one or both cells such that A’s efficiency, as one
of the cells firing B, is increased."

Often summarized as "neurons that fire together, wire together", this postulate was
the first theory for how memories could be encoded in the brain. For two connected
neurons with activations ai and aj, the change in synaptic weight is proportional to
the product of their activations,

∆wij = η · ai · aj (2.2)

This is the hebbian learning rule and allows a network to act on the statistical
correlations present in the input data by strengthening the connections between
neurons that are frequently active.

First matrix model of associative memory

Linear Associator (Anderson, 1972; Kohonen, 1972) was a simple feed-forward net-
work that stored a set of P associations between input keys ki and output patterns
vi in a weight matrix W ∈ Rm×n,

W =
P∑
i=1

vik
T
i . (2.3)

To retrieve a memory, and input key kj is presented to the network and the output
is simply,

vretrived = Wkj = (
P∑
i=1

vik
T
i )kj =

P∑
i=1

vi(k
T
i kj) (2.4)

If the input keys are orthonormal (kik
T
j = δij), then the retrieval is perfect. Our

model has successfully associated each key with its corresponding value.
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However, the requirement of orthonormal input patterns is a critical weakness of
the linear associator model. If the keys are not orthonormal, the interference (re-
ferred to as crosstalk) between non-orthogonal memories severely limits the storage
capacity of the system. These early models, however demonstrated the useful prop-
erties of recurrent architectures and led to the development of the Hopfield Network
(Hopfield, 1982)

Figure 2.1 A Simple 3-layer perceptron first proposed in 1958 (Rosenblatt, 1962)

2.2 Hopfield Networks

John Hopfield proposed a model of associative memory in his seminal paper in 1982
(Hopfield, 1982). The Hopfield network is a type of recurrent neural network where
each neuron is connected to every other neuron except itself. The model consists of
a network of N interconnected neurons, each with a binary state si ∈ {−1, 1}. The
state of the entire network is the vector s ∈ {−1, 1}N . To store a set of P memory
patterns, {ξ1, ξ2, . . . , ξP}, the synaptic weights are set according to a hebbian rule,

W ij =
1

N

P∑
µ=1

ξµi ξ
µ
j for i ̸= j and W ii = 0. (2.5)

Borrowed from the physics of spin glasses (Amit et al., 1985; Sherrington and Kirk-
patrick, 1975; Mezard et al., 1987), we can define an energy function for the network.
This function E(s) is designed such that the stored memory patterns ξi are the local
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minima in this high-dimensional energy landscape.

E(s) = −1

2

∑
i ̸=j

W ijsisj (2.6)

The process of memory retrieval is then an optimization problem of finding the
nearest energy minima! This is achieved through the network dynamics. The asyn-
chronous update for a neuron is given by,

si(t+ 1) = sgn

(
N∑
j=1

W ijsj(t)

)
, (2.7)

where sgn is the sign function. The update rule guarantees that the networks energy
will either decrease or remain the same with every update. This energy function is
a Lyapunov function of the system and will eventually reach a stable fixed point. If
the network is initialized in a noisy state of a stored memory, its dynamics will cause
the energy to decrease and eventually settle in a basin of attraction corresponding
to the complete memory.
However, the classical Hopfield network also has storage capacity limitations. Specif-
ically, for random uncorrelated patterns, the network can reliably store P = 0.138N

memories (Amit et al., 1985).

2.2.1 Dense Associative Memories

Krotov and Hopfield (2016) introduced Modern Hopfield Networks, also known as
Dense Associative Memories. The key innovation was to generalize the quadratic
energy function to a non-linear function, such as an exponential

E(s) ∝ exp

(
P∑

µ=1

(sT ξµ)

)
(2.8)

This small change increased the storage capacity of the network from linear to expo-
nential in the model dimension N . This modern formulation was then generalized
to operate on continuous value states (Ramsauer et al., 2020). The energy function
for a modern continuous Hopfield network can be written as,

E(q) = −lse(βKTq) = − log

(
P∑

µ=1

exp(β(ξµ)Tq)

)
, (2.9)
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where the state is a continuous query vector q and the stored patterns are in the
columns of the key matrix K. lse corresponds to the log − sum− exp function.
One step of gradient ascent on this potential yields the following update rule,

q′ = softmax(βKTq)K (2.10)

where softmax(zi) = exp(zi)∑
i exp(zi)

. By introducing a seperate value matrix V that
turns each key into its associated output we turn this network from an auto- to a
hetero- associative memory. An auto-associative network stores patterns that it can
recall from a noisy version of the same pattern. Hetero-associative memory stores
pairs of patterns, mapping input keys K to output values V

q′ = softmax(βKTq)V . (2.11)

With the scaling factor β = 1/
√
dk, were dk is the key dimension, this is equivalent to

scaled-dot-product attention. This reveals that self-attention, the core mechanism
in the transformer architecture, is a single step retrieval from a modern, continuous-
state Hopfield network with exponential energy and storage capacity (Ramsauer
et al., 2020; Hu et al., 2024).

2.3 Sequence-to-Sequence Models

Having established the fundamental connection between associative memories and
modern architectures, we broaden our scope. We begin by formalizing the definition
of an associative memory, keeping the notation consistent with the modern literature
on attention mechanisms. Let M be the associative memory which varies with time
and stores associations. The associative memory at time t therefore is given by Mt.
Any new information to be stored in the memory can be written as a key-value pair
(kt, vt) where key kt ∈ Rdk represents the content’s address, and the value vt ∈ Rdv ,
represents the content itself. A simple way to "memorize" this information is to
directly collect the outer product of the key-value pairs,

Mt =
t∑

i=1

ktv
⊤
t (2.12)

To retrieve these stored associations, we define a function, also referred to as the as-
sociative map, fM : Rdk → Rdv parameterized by M such that ideally fM(kt) = vt.
This function is akin to the process of recall in the human brain. For a fault tolerant
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system, we want that even for a perturbed key, we still want to still recall the value.
Specifically, we want that for a query qt close to kt, fM(qt) ≈ vt.
The concept of queryable, content-addressable memory is central to understand-
ing the evolution of models designed for sequence to sequence processing. These
tasks involve mapping an input sequence X = {x1,x2, . . . ,xT} to a target sequence
Y = {y1, y2, . . . , yT}. The sequence-to-sequence framework is remarkably general,
and encompasses a vast range of critical problems in machine learning, from machine
translation (Sutskever et al., 2014; Bahdanau et al., 2016) and text summarization
(Rush et al., 2015) to speech recognition (Chorowski et al., 2015) and protein struc-
ture prediction (Senior et al., 2020; Jumper et al., 2021). The primary challenge
lies in effectively encoding the information from the source sequence and making it
useful for the generation of the target sequence.

2.3.1 Recurrent Neural Networks

One of the first models to demonstrate significant success on sequence modeling
tasks were Recurrent Neural Networks (RNNs) (Elman, 1990; Rumelhart et al.,
1986). The defining characteristic of an RNN is the use of a hidden state memory
ht which is updated at each step in the source sequence. This hidden state acts as a
compressed representation of all information seen up to that point. Mathematically,
the simplest formulation is given by this recurrence relation:

ht = ϕ(W hhht−1 +W xhxt) (2.13)

Where, xt is the input at timestep t, ht−1 is the memory from the previous timestep,
W xh and W hh are the learned weight matrices, and ϕ is a non-linear activation
function, typically ReLU or hyperbolic tangent. In theory, this recurrence allows
information to persist over arbitrary long timescales and thus makes RNNs a natural
candidate for modeling sequential data.
However, this theoretical promise was famously difficult to realize in practice due to
the challenges of training. The standard algorithm for RNNs, was Backpropagation
Through Time (BPTT) (Werbos, 1990; Rumelhart et al., 1986), which involves
unrolling the network through the sequence to calculate the gradients. The gradient
of the loss with respect to a hidden state early in the sequence, at timestep k is
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given by,

∂ht

∂hk

=
t∏

i=k+1

∂hi

∂hi−1

=
t∏

i=k+1

diag(ϕ′(W hhhi−1 +W xhxi))W
T
hh, (2.14)

where diag(.) represents the diagonal matrix of elements. As we can see, the norm
of the gradient is regulated by repeated multiplications of the matrix W hh. This
means that if its singular values are predominantly less than 1, the gradient sig-
nal shrinks exponentially, a phenomenon known as the vanishing gradient problem
(Bengio et al., 1994; Pascanu et al., 2013). Conversely, if they are greater that
1, then the gradient signal grows exponentially, leading to the exploding gradient
problem. Both these issues make training over long sequences practically impossible
and the model forgets inputs from earlier in the sequence as the training progresses.
These challenges led to the development of gated RNNs (Hochreiter and Schmidhu-
ber, 1997; Cho et al., 2014), which introduced explicit mechanisms to control what
information is remembered, what is forgotten and what is passed on to subsequent
layers. These innovations transformed the capacity of RNNs to serve as effective
associative memory systems of sequential data.

2.3.2 Gated RNNs

Gated RNNs fundamentally address the vanishing and exploding gradient problem
by establishing a seperate pathway for the flow of information over long sequences.
Unlike simple recurrent connections where information is squeezed through a single
non-linear transformation at each step, gated units create additive connections that
allow gradients to flow more easily.

Long Short-Term Memory (LSTM)

The LSTM network, introduced by Hochreiter and Schmidhuber (1997), was one of
the most widely adopted gated RNN architectures. Its core innovation lies in the
cell state ct, which acts as a residual connection carrying information across many
time steps with minimal changes. Information is written or forgotten from the cell
state via controlled gates. Each gate is typically a sigmoid neural network layer
that has a value between 0 and 1, which is multiplied elementwise with the data,
effectively acting as a filter.
An LSTM unit at timestep t take three inputs, the current input xt, the hidden
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state from the previous timestep ht−1 and the cell state from the previous time step
ct−1. It then computes an updated hidden state ht and a new cell state ct. This
update mechanism is orchestrated by three gates:

1. Forget Gate f t: This gate controls what information from the previous cell
state should be discarded. It computes a value between 0 and 1 for each
element in ct−1,

f t = σ(W fxxt +W fhht−1 + bf ) (2.15)

Where, σ is the sigmoid function, W fx and W fh are weight matrices, and bf

is a bias vector

2. Input Gate it: This gate determines what new information from the current
input xt and the previous hidden state ht−1 should be stored in the cell state.

it = σ(W ixxt +W ihht−1 + bi) (2.16)

3. Output Gate ot: Finally, this gate determines what part of the current cell
state should be exposed as the new hidden state.

ot = σ(W oxxt +W ohht−1 + bo) (2.17)

The update rule of the entire mechanism is modulated by these gates. First we
calculate the candidate cell-state:

c̃t = tanh(W Cxxt +W Chht−1 + bC) (2.18)

The new cell state is calculated by selectively forgetting from ct−1 and selectively
adding from c̃t:

ct = f t ⊙ ct−1 + it ⊙ c̃t (2.19)

Where ⊙ denotes the elementwise hadamard product. This update is crucial and
effectively mitigates the vanishing gradient problem.
Finally, the hidden state of the network is updated:

ht = ot ⊙ tanh(ct) (2.20)

LSTMs gained widespread adoption due to their ability to learn dependencies span-
ning thousands of time steps, a task difficult for vanilla RNNs.
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Gated Recurrent Units

The Gated Recurrent Unit (GRU) proposed by Cho et al. (2014) offers a simpler
alternative to LSTMs while retaining much of the performance benefits. A GRU
combines the forget and the input gates into a single update gate and merges the
cell state and the hidden state. This reduces the number of parameters while still
being effective in addressing the vanishing gradient problem.
A GRU unit features two main gates:

1. Update gate zt: This gate controls how much information from the past hidden
state ht−1 should be carried over to the current hidden state ht and how much
information from the candidate hidden state should be incorporated.

zt = σ(W zzxt +W zhht−1 + bz) (2.21)

2. Reset Gate rt: This gate determines how much of the past hidden state should
be forgotten. A small value of rt means that the previous hidden state is largely
ignored.

rt = σ(W rxxt +W rhht−1 + br) (2.22)

The candidate hidden state is calculated similar to the LSTM, but it applied the
reset gate to the previous hidden state,

h̃t = tanh(W hxxt +W hh(rt ⊙ ht−1) + bh) (2.23)

Finally, the hidden sstate is a linear interpolation between the previous hidden state
and the candidate hidden state, modulated by the update gate,

ht = (1− zt)⊙ ht−1 + zt ⊙ h̃t (2.24)

From an associative memory perspective, LSTMs and GRUs represent a sig-
nificant advancement. They imbue RNNs with a primitive form of dynamic mem-
ory. These gates can be seen as trainable controllers that decide the relevance of
past information for the current hidden state. This selective retention of historical
data allow the network’s internal state to implicitly associate with long term de-
pendencies. However, despite their power, gated RNNs still possess a fundamental
limitation. The entire relevant history, no matter how long, must be compressed
into a single fixed-dimensional hidden state vector ht. While this hidden state with
gates is a much richer and more robust summary than in vanilla RNNs, it remains
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a bottleneck. The network still lacks the ability to explicitly query and retrieve in-
formation from specific past tokens. It cannot dynamically attend to different parts
of its input memory. This limitation set the stage for the next major architectural
breakthrough, the attention mechanism.

2.3.3 Softmax attention

The fundamental limitation of the recurrent framework was its reliance on a single
fixed size hidden state vector to summarize the entire input sequence. This infor-
mation bottleneck made learning long-range dependencies exceedingly difficult. The
breakthrough that removed this limitation was the attention mechanism (Bahdanau
et al., 2016; Vaswani et al., 2023). Proposed initially in the context of neural ma-
chine translation, attention provided a method for the decoder to dynamically and
selectively focus on different parts of the source sequence at each step. The most
influential variant of this idea is the scaled dot-product attention, often referred to
simply as softmax attention. This mechanism operates on three learned represen-
tations derived from each input token xt. The Query qt ∈ Rdk , the Key kt ∈ Rdk

and the Value vt ∈ Rdv . Given input tokens {x1 . . .xT}, these three vectors are
generated via a linear projection with learnable weight matrices W q,W k,W v as,

kt = W kxt, qt = W qxt, vt = W vxt (2.25)

The output of the self-attention mechanism at time t, denoted by yt is then com-
puted as a weighted sum of all values as,

yt =
t∑

i=1

vi
exp(q⊤

t ki/
√
dk)∑t

j=1 exp(q
⊤
t kj/

√
dk)

(2.26)

Intuitively, the attention mechanism consists fo three steps. First, we calculate the
similarity score between the current query vector qt and the past key vectors ki in
the history using the dot product. Higher the dot product, higher the alignment
or relevance between the query and the key. Second, we normalize these scores
and apply a nonlinearity. This normalizing factor of 1/

√
dk keeps the variance of

the dot product of order one. This is crucial for stability, and makes sure that the
attention scores don’t grow unbounded. These scaled scores are then passed through
a softmax function, which converts these scores into a probability distribution over
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the input tokens.

weighti = softmax(scores)i =
exp(q⊤

t ki/
√
dk)∑t

j=1 exp(q
⊤
t kj/

√
dk)

(2.27)

Finally, we calculate the output yt as a weighted sum of the value vectors. Each value
vi is multiplied by its corresponding weight and the result is a linear combination
over all the tokens in the input sequence.

Associative Memory Interpretation

The set of all key-value pairs generated from the input {(ki,vi)}i=1 forms a memory
bank. The query acts like a probe into this memory. The mechanism does not
retrieve a single memory from the bank, but rather a soft retrieval, returning a
linear combination of all stored values, weighted by their score (Zhong et al., 2025).
During autoregressive generation (inference), where tokens are produced one at a
time, this memory bank is critical for efficiency (Bietti et al., 2023; Pope et al.,
2022). For generating the output at timestep t+ 1, the attention mechanism needs
to compute the scores for the query qt+1 and the keys of all preceding tokens,
{k1, . . . ,kt+1}. This however consists of a lot of redundant computation. The
solution to this redundancy, is that the keys and values for the past tokens can
be pre-computed and stored. This store of past keys, and values is known as the
key-value Cache (KV Cache).
While generating the (t + 1)-th token, we only need to compute the new key, the
new value and append them into the cache. The new query is then used to calculate
scores against the entire cached history of keys. This changes the generation process
from O(T 2) to O(T ) for each step. While the overall complexity remains quadratic,
this caching drastically reduces the computational cost of inference, making models
practical for generating long sequences. The size of the KV cache grows linearly
with sequence length as O(T.dk + T.dv) (Brandon et al., 2024).

Significance and Bottleneck

The introduction of softmax attention was revolutionary for several reasons. First,
and foremost, it solved the information bottleneck problem. By providing direct
connections from any two positions in the sequence, the similarity between any
two points, regardless of distance could be calculated. This allows the model to
capture extremely long range dependencies with ease. Second, it enabled massive
parallelization during training. Unlike an RNN, which must process sequence step-
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by-step due to its recurrent hidden state, the attention computation for all queries
can be computed simultaneously. Written in terms of matrix multiplications, the
attention function can be written as,

Attention(Q,K,V ) = softmax

(
QKT

√
dk

V

)
(2.28)

Where, Q,K, V are matrices formed by stacking the query, key and value vectors.
Modern accelerators, particularly GPUs allow for training of vastly large models on
larger datasets than ever possible with RNNs.
While we no longer have the bottleneck of learning long range dependencies, soft-
max attention introduces a new bottleneck: quadratic computational and memory
complexity. The core issue being the materialization of the T × T attention ma-
trix. Both the time and the memory required for this step to scale are O(T 2). For
a sequence of millions of tokens, this is completely intractable. This forces us to
ask a critical question; Can we retain the parallelizability of attention while cir-
cumventing its quadratic cost? This has motivated a new wave of research into
"efficient" transformer alternatives (Yuan et al., 2025; Lu et al., 2025). These mod-
els aim to approximate softmax attention with operations that are more favorable
with sequence length, ideally linear. This pursuit of scalable yet powerful associative
memory mechanisms leads us to consider linear attention, and its many sophisti-
cated variants like Mamba, Gated-DeltaNet etc (Yang et al., 2023, 2024a; Gu and
Dao, 2023; Schlag et al., 2021; Behrouz et al., 2024; von Oswald et al., 2025).

2.3.4 Linear Attention

The self-attention mechanism fundamentally reshaped the field of sequence mod-
eling. By providing a direct parallelizable path between all tokens in a sequence,
it shattered the limitations of recurrent models and enabled the era of large-scale
Transformers. However, the attention mechanism introduces a quadratic complexity
in both time and memory with respect to the sequence length T. This O(T ) scaling
has become the primary obstacle to applying these models to truly long context
domains, such as audio processing and genomic data.
To understand linear attention, it is useful to frame the standard softmax attention
from a kernel perspective (Katharopoulos et al., 2020; Qin et al., 2022). The atten-
tion mechanism can be viewed as a form of kernel smoothing, where the kernel is
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the exponentiated dot product,

sim(qt,ki) = exp

(
qT
t ki√
dk

)
(2.29)

The computational bottleneck arises from the non-linearity of the exponential func-
tion. Linear attention proposes a simplification: replace this exponential kernel with
a separable kernel, which can be decomposed using a feature map ϕ(.) (Kasai et al.,
2021; Katharopoulos et al., 2020; Zhang et al., 2024b).

κ(ki, qt) = ϕ(ki)
Tϕ(qt) (2.30)

Where, the function ϕ : Rdk → Rd′k is a nonlinear mapping into the feature space.
The simplest choice of the feature map is the identity function ϕ(x) = x which
makes the kernel a pure dot product of the keys and queries. The output of linear
attention operation can thus be written as,

yt =
t∑

i=1

vi
ϕ(qT

t )ϕ(ki)/
√
dk)∑t

j=1 ϕ(q
T
t )ϕ(kj)/

√
dk)

(2.31)

The key advantage of a separable kernel is that it allows us to exploit the associativity
to change the order of computation. Thus ignoring the scaling factor,

yt =
t∑

i=1

vi
ϕ(ki)

⊤ϕ(qt)∑t
j=1 ϕ(kj)⊤ϕ(qt)

(2.32)

=

∑t
i=1 viϕ(ki)

⊤ϕ(qt)∑t
j=1 ϕ(kj)⊤ϕ(qt)

(2.33)

=
M tϕ(qt)

Ztϕ(qt)
(2.34)

where we introduce the M t and Zt terms to denote the associative memory and the
normalization respectively. Note that both M t and Zt can be computed from the
previous time step as,

M t = M t−1 + vtϕ(kt)
⊤ (2.35)

Zt = Zt−1 + ϕ(kt)
⊤ (2.36)

Instead of computing a T × T matrix of scores, we compute a dv × d′k state matrix
and a d′k dimensional state vector. The complexity of updating these states is dom-
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inated by the outer product and the matrix vector multiplication in the numerator,
resulting in a complexity of O(dvd

′
k), independent of the sequence length T . The

total complexity over the complete seqeunce of length T is therefore O(T.d2).
Lets take a closer look at the update mechanism M t = M t−1 + vtϕ(kt)

⊤ and
Zt = Zt−1 + ϕ(kt)

⊤. This is a direct parallel to the simple associative memory we
defined. The matrix Mt is precisely these sum of the outer products of the key-value
pairs in feature space. Linear attention, thus is mathematically equivalent to writ-
ing to a matrix memory using a classical hebbian update rule. This provides a dual
view of this mechanism as a linear version of attention, as well as a linear version of
RNNs.
This linear complexity however comes with significant tradeoffs,

1. Loss of Expressivity: The exponential kernel is exceptionally good at tasks
that require precise recall, such as in-context learning, where the answer must
be copied from the past context. The linear dot-product kernel in contrast
produces a much more smoother distribution over tokens, making it inherently
weaker at such high-precision retrieval tasks (Choromanski et al., 2022; Xiong
et al., 2021; Zheng et al., 2023; Arora et al., 2023).

2. Normalization: The denominator Ztϕ(qt) while necessary for averaging the
numerator, was found to be a source of major training instability. The denom-
inator can become zero or very small, leading to exploding outputs and gradi-
ents. Consequently, many subsequent works (Sun et al., 2023b) chose to drop
the normalization term entirely. This simplifies the associative memory update
to just M t = M t−1 + vtϕ(kt)

T and the retrieval map to fM (qt) = M tϕ(qt)

A significant body of research focused on mitigating the loss of expressivity by de-
signing a more powerful feature map ϕ(·). The goal is the find a function whose dot
product in the feature space can approximate the behavior of a non-linear exponen-
tial kernel, while remaining decomposable.
To increase expressivity, Katharopoulos et al. (2020) proposed the use ϕ(.) = 1 +

ELU(·) to ensure non-negativity and introduce a nonlinearity. ELU is defined as,

ELU(x) =

x if x > 0

α(ex − 1) otherwise
(2.37)

Another set of methods draw from the theory of kernel methods. The work on
"Performer" by Choromanski et al. (2022) showed that the softmax kernel can be
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approximated using random feature maps. This involves projecting the queries and
the keys with random matrices and applying trigonometric functions. Other recent
works have suggested numerous other alternatives for feature maps such as cosine
functions, random features or even learnable feature maps (Qin et al., 2022; Schlag
et al., 2021; Zhang et al., 2024b; Peng et al., 2023).
Despite these advancements, linear attention and variants have not managed to uni-
versally supplant softmax attention. They often trade some degree of performance
and robustness for their efficiency gains. The subsequent wave of research, there-
fore, moved beyond this to reconsider the recurrent state update itself. Instead of a
simple additive accumulation, architectures like state-space models introduce more
sophisticated, dynamic update rules for the memory state. We start this discussion
with a simple gated version of linear attention.

2.3.5 Gated Linear Attention

Linear attention reformulated attention into a linear recurrent process. This was
achieved by defining the associative memory matrix which simply accumulated the
key-value outer products. However this introduces a fundamental problem deeply
rooted in the history of associative memory, namely memory capacity saturation.
Classical Hopfield networks faces a well known capacity limit. As the number of
stored patterns P approaches P ≈ 0.14N , adding new patterns corrupts the energy
landscape where previously stable stored memories are no longer stable attractors.
This phenomenon of interference is a direct consequence of the memory matrix M

becoming saturated. The finite size hidden state M must compress an unbounded
history of associations. As the sequence length grows, the state becomes an average
of all past key-value pairs, causing individual memories to be lost in the noise of the
accumulation.
This necessitates a mechanism for managing the finite memory state, by prioritizing
new information and decay the old, potentially irrelevant, information. The inspi-
ration for such a mechanism comes directly from the innovations in gated RNNs.
More specifically, we augment the recurrent update with a learnable forget gate
(Yang et al., 2023), which dynamically controls the retention of past information.
The memory update is modified to include a multiplicative decay factor γt ∈ [0, 1],
such that when γt ≈ 1, past memories are preserved and when γt ≈ 0, they are for-
gotten. This transforms the associative state from an accumulator into a dynamic
memory with exponentially fading history. They way γt is implemented defines the
fine grained control:
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1. Input dependent Scalar gating: The most common approach is to make the
gate dynamic and data-dependent. Typically, we take the input xt, pass it
through a linear projection followed by a sigmoid function.

2. Input dependent vector gating: A more expressive extension employs a
vector gate γt ∈ Rdv for a channelwise gating. The update rules becomes
M t = diag(γt)M t−1 + vtk

T
t . This allows different dimensions to have dif-

ferent retention rates enabling the model to maintain long-term memory for
some features while rapidly updating others. This update rule is equivalent to
discrete time update of Mamba.

While this model provides a much better control of memory dynamics, it still suffers
from some limitations. The model can control when and how much to forget, but
it cannot decide what to forget. There is no way for the model to update specific
contents in the memory. This process of error-driven modification is the principle
behind the Delta Rule. Its implementation in modern sequence architectures, known
as fast-weight programmers and DeltaNet present the next logical step in the evo-
lution of associative memory, moving beyond simple accumulation and global decay
to a more sophisticated content-addressable rewriting.

2.3.6 Fast weight programmers and DeltaNet

Long before the modern Transformers era, (Schmidhuber, 1992) proposed an archi-
tecture known as fast weight programmers. The core idea was to create a neural
network with two distinct types of weights:

1. Slow Weights: The standard parameters of the network, learned slowly via
backpropagation over a large training corpus.

2. Fast Weights: These are temporary, rapidly changing weights that change
within the forward pass for each individual sequence. They serve as a task
specific, short term associative memory

In this model, at each timestep, its hidden state is used to generate the fast weights
of a separate, typically feed-forward network. These fast weights are often stored
as an outer-product memory matrix, much like the state in linear attention. The
key difference is that the update to these fast weights is not a simple accumulation
but a function determined by the slow-weight controller. This architecture allows
the model to effectively learn a rapid learning algorithm. While computationally
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expensive and ahead of its time, the FWP concept introduced the powerful idea of
a neural network that explicitly modifies its own parameters as part of its forward
pass, treating memory updates as a dynamic, learned process (Irie et al., 2021;
Schlag et al., 2021).

Delta Rule

The principle of dynamically updating weights based on performance is formalized
by one of the most fundamental learning rules in neuroscience and machine learning:
the Delta Rule (Schlag et al., 2021). The rule states that the change in a weight
should be proportional to the error in the output, corrected in the direction of the
input that caused the error. For an associative memory trying to map a key kt to
the value vt, this can be expressed as,

∆M t = (target− actual)⊗ input (2.38)

The modern efficient implementation of this in a sequence model is the DeltaNet
(Yang et al., 2024b). This operationalizes the Delta rule for the linear associative
memory state M t. The update follows three steps.
First, the model probes its existing memory M t−1 with the new key kt to retrieve
the associated value, vold = M t−1kt.
Second, we calculate the error or the "delta" between the correct target value can
the retrieved value. This error vector represents the "surprise" or the missing infor-
mation. δt = vt − vold = vt −M t−1kt.
Third, the memory is then updates by adding the outer product of this error vector
and they key, scaled by a learning rate as,

M t = M t−1 + ηtδtk
T
t (2.39)

= M t−1 + ηt(vt −M t−1kt)k
T
t (2.40)

In a more interpretable form, this can be written as,

M t = M t−1(I − ηtktk
T
t ) + ηtvtk

T
t (2.41)

The first term in (2.41) performs a targetted forgetting operation. Multiplying the
memory state with the matrix (I−ηtktk

T
t ) has the effect of removing components of

the memory that are aligned with the key kt. The second term ηtvtk
T
t is the familiar

hebbian update rule, which writes new key-value associations into the memory.
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Figure 2.2 Wang et al. (2025a) divides the update rules for linear attention into three
generations.

Gated DeltaNet

Reintroducing global control over the entire memory state, we augment the update
rule with a global gate γt computed from the input xt which scales the entire update
as,

M t = diag(γt)M t−1(I − ηtktk
T
t ) + ηtvtk

T
t (2.42)

The gate now acts as a meta controller, deciding the tradeoff between stability and
plasticity. Gated DeltaNet (Yang et al., 2024a) thus represents a synthesis of the
architectural ideas explored so far. It possesses a sophisticated memory that can per-
form both global, context-dependent decay (via γt) and local, content-addressable
rewriting (via the Delta Rule).
This progress from simple outer-product accumulation in Linear attention, to global
decay in Gated Linear Attention and finally content-addressable rewriting in DeltaNets
illustrates a clear trajectory towards more flexible associative memory system. Each
of these architectural update rules, while heuristically motivated, can be seen as al-
gorithmic advancements. This raises a deeper question: what problems are these
steps trying to solve? This question forms the bridge to our next section, where we
will reframe the entire hierarchy of memory updates through the unifying perspec-
tive of online optimization and test-time memorization.
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2.4 A unifying perspective

The previous section traced architectural evolution for linear RNNs from simple
outer-product accumulation in linear attention, to gated decay and finally to delta
rule based update rule. Each innovation can be understood not merely as an ad-hoc
engineering solution, but a more sophisticated algorithm for updating an internal
model of the world (hidden state). This observation invites a more fundamental
perspective, wherein we move from describing the update rules of these models, to
defining what they are solving (Behrouz et al., 2024, 2025; Wang et al., 2025d)
The forward pass of any sequence model with memory can be rigorously framed as
a sequential online optimization process. At each timestep t, the model receives a
new piece of information, the (kt,vt) pair, and it must update its internal memory
state, from M t−1 to M t. This update is not arbitrary, it si a solution to an implicit
single step optimization problem. This entire process can be encapsulated in a single
general objective function following Behrouz et al. (2024),

M t = argmin
M∈M

L(M ,kt,vt)︸ ︷︷ ︸
Attentional Bias

+R(M ,M t−1)︸ ︷︷ ︸
Regularizer

(2.43)

This equation provides a powerful and generative framework for understanding and
designing sequence architectures. The vast diversity of models seen in the literature
emerges from different, principled choices for the three core components of this
objective: the memory representation M, the attentional bias L, and the retention
regularizer R, as well as the algorithm used to solve the optimization problem.

2.4.1 The memory representation

The set M defines the hypothesis space for the memory itself. It is the functional
form of the associative map, and its choice dictates the model’s capacity, expressivity
and the complexity.

1. Parametric, Linear Memory: The simplest and the most common choice is
to represent the memory as a linear operator, typically a matrix M ∈ Rdv×dk .
The retrieval map is simply then, fM (k) = Mk. This is the foundation for
architectures like linear attention and its variants. The memory capacity is
fixed by the dimensions of the matrix, dv × dk, making it O(1) with respect to
the sequence length.

2. Parametric, Non-linear Memory: To increase expressivity, the memory can
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be parameterized by a non-linear function, such as an MLP. Here, M rep-
resents the weights of the MLP and the retrieval map is the forward pass of
the MLP, fM (k) = MLP (k). This approach as seen in recent models like
TTT-MLP (Sun et al., 2024), and Titans (Behrouz et al., 2024), leverage the
expressivity of MLP to learn far more complex key-value relationships. The
memory complexity remains O(1), fixed by the size of the MLP but its capacity
is significantly increased.

3. Non-Parametric Memory: Another approach is to define the memory by
the data itself. In this view, the memory state M t is the entire history of
key-value pairs {(ki,vi)}ti=1. The map is merely a lookup table from the KV-
Cache. This is the implicit choice made by softmax attention. Such models
have a memory capacity that grows linearly with the sequence length O(T ).
This grants them immense representational power for in-context recall but it
comes at the cost of quadratic complexity.

2.4.2 The attentional Bias L

The attentional bias L(M ,kt,vt) is the per-step loss function. It defines the model’s
inductive bias for what a good association is. Following we discuss some common
choices,

1. Dot product Objective: Here, we try to maximize alignment between the
retrieved value and the true value.

Lalign = −⟨Mkt,vt⟩ (2.44)

This objective simply encourages the memory matrix M to be positively cor-
related to the key-value outer product. This simple choice leads to the purely
additive update of unnormalized linear attention.

2. ℓ2 loss: The most prevalent choice in the literature is the squared Euclidean
distance:

Lℓ2(M ;kt,vt) =
1

2
∥vt − fM (kt)∥22 (2.45)

This choice is foundational to classical statistics and is also known as Ordi-
nary Least Squares (OLS) regression (James et al., 2023). It is statistically
optimal under the assumption of gaussian noise on the values. Architectures
like DeltaNet are a result of applying online gradient descent to this objective.
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3. ℓp loss: A well-known drawback to the ℓ2 loss is its sensitivity to outliers. A
natural extension to this is to use ℓp-norm class of objectives. Different values
of p gives rise to different properties of the architecture.

Lℓp(M ;kt,vt) =
1

2
∥vt − fM (kt)∥pp (2.46)

2.4.3 Retention Regularizer

The retention regularizer R(M ,M t−1) is the cost function that penalized changes
to the memory state. It is the mechanism that enforces stability and prevents
forgetting. We discuss some common choices of regularizers,

1. ℓ2 regularizer: The most common form of regularizer is a quadratic penalty
on the deviation from the previous state:

Rℓ2(M ,M t−1) =
λ

2
∥M −M t−1∥2F (2.47)

This is the standard proximal term in optimization theory and is equivalent
to the weight decay used ubiquitously in deep learning. It encourages the
new memory state M t to be close to the old one M t−1 with the strength
controlled by λ. This term is the origin of the gating mechanism in Gated
Linear Attention.

2. Sparsity regularizer (ℓ1): Applying an ℓ1 regularizer Rℓ1 = λ∥M −M t−1∥1
induces sparsity on the updates. This is the principle behind LASSO in statis-
tics (Bühlmann and van de Geer, 2011). In the context of sequence models,
this would lead to an update where the model learns to modify only a small
subset of its internal memory parameters at each step.

3. KL-Divergence: For a normalized memory state M , we can employ a natural
measure of the information theoretic distance such as the Kullback-Leibler
Divergence RKL = λDKL(M ||M t−1).

2.4.4 Optimization Algorithm

The final component is the choice of algorithm used to solve or approximate the
argmin operator at each time step.

1. First Order Methods (Gradient Descent): The simplest and most compu-
tationally efficient approach is to take one step of online gradient descent. The
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update rule then becomes M t ≈ M t−1 − ηt∇M (L + R). It is computation-
ally cheap and easy to implement. Nearly all modern efficient RNNs can be
interpreted as an instance of this first-order approximation (Cabannes et al.,
2024b,a).

2. Second Order Methods (Newton’s Methods): This is more powerful but
expensive alternative to gradient descent. A single step of newton’s method
becomes M t = M t−1H

−1∇M (L +R), where H is the Hessian matrix. The
hessian matrix describes the local curvature information and can lead to faster
convergence and more stable updates. This however comes at a higher com-
putational cost of O(d3) per step for the matrix inversion.

Having established this general framework, we will now demonstrate its utility by
deriving the core architectural primitives we discussed in the previous section.

2.4.5 Deriving existing architectures

In this section, we derive some of the existing architectures through the online
optimization framework.

Linear Attention as pure Hebbian Learner

We choose an objective that simply seeks to maximize the alignment between the
memory state and the new key-value pair. This can be expressed as the negative
inner product of the memory matrix and the outer product. There is no explicit
regularizer.

L = −⟨Mkt,vt⟩ (2.48)

Taking the gradient of the objective with respect to the memory M is straightfor-
ward,

∇ML = −vtk
T
t (2.49)

Taking one step of gradient descent update with a learning rate of ηt = 1 leads to
the desired update

M t = M t−1 − 1(−vtk
T
t ) = M t + vtk

T
t (2.50)

As is easy to see, the objective function can grow unbounded, specifically the norm
fo M tkt can grow unbounded to decrease the loss and hence might cause issues with
stability
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Gated Linear Attention as regularized Hebbian Learning

We choose the same alignment function as linear attention, but include a regularizer
to counteract the unbounded growth of the memory state. An easy way to counteract
this growth is to regularize using the norm of the matrix,

Rℓ2(M ) =
λ

2
∥M∥2F (2.51)

The gradient of this term is ∇Rℓ2 = λtM . Combining this with the gradient of the
loss within the online update rule:

M t = M t−1 − ηt∇M [L+Rℓ2 ] (2.52)

= M t−1 − ηt(−vtk
T
t + λtM t−1) (2.53)

= (1− ηtλt)M t−1 + ηtvtk
T
t (2.54)

Define γt = (1 − ηtλt) and ηt = 1. Then the final form of the update rule is
M t = λtM t−1 + vtk

T
t .

Gated DeltaNet as Regularized Online Regression

Define the learning objective as the squared error between the target value and the
value retrieved from memory.

Lℓ2 =
1

2
∥vt −M tkt∥22 (2.55)

The gradient of this loss evaluated at the previous timestep M t−1 is,

∇ML(M t−1) = −(vt −M t−1kt)k
T
t (2.56)

To incorporate global forgetting we use the same ℓ2 regularization as in GLA,

Rℓ2(M ) =
λ

2
∥M∥2F (2.57)

Combining these components in the online gradient descent update yields the Gated
DeltaNet rule,

M t = M t−1 − ηt∇M [L+Rℓ2 ] (2.58)

= M t−1 − ηt(−(vt −M t−1k
T
t + λtM t−1) (2.59)

= (1− ηtλt)M t−1 + ηt(vt −M t−1kt)k
T
t (2.60)
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Setting the gate γt = (1−ηtλt), and ηt = βt we arrive at the Gated DeltaNet update
rule,

M t = γt(I − βtktk
T
t )M t−1 + βtvtk

T
t (2.61)

Table 2.1 Table adapted from Behrouz et al. (2025). Provides a overview of recent linear
attention variants and how they fit into the framework.

Model ℓ(·; ·) Optimizer Memory Write Operation

Attention
L∑

t=1

at∥Mkt − vt∥22 NP Mt = Mt−1 ∪ {(kt, vt)}

SWA
L∑
t=c

at∥Mkt − vt∥22 NP Mt =
(
Mt−1 \ {(kc, vc)}

)
∪ {(kt, vt)}

Linear Attention ⟨Mtkt, vt⟩ GD Mt = Mt−1 + vtk
⊤
t

RetNet ⟨Mtkt, vt⟩ GD Mt = αtMt−1 + vtk
⊤
t

GLA ⟨Mtkt, vt⟩ GD Mt = Diag(αt)Mt−1 + vtk
⊤
t

DeltaNet
∥∥Mtkt − vt

∥∥2
2

GD Mt = (I − βtktk
⊤
t )Mt−1 + βtvtk

⊤
t

Gated DeltaNet
∥∥Mtkt − vt

∥∥2
2

GD Mt = αt(I − βtktk
⊤
t )Mt−1 + βtvtk

⊤
t

Longhorn
∥∥Mtkt − vt

∥∥2
2

Implicit GD Mt = (I − δtktk
⊤
t )Mt−1 + (δt ⊙ vt)k

⊤
t

RWKV-7
∥∥Mtkt − vt

∥∥2
2

GD Mt =
(
diag(αt)− βtktk

⊤
t

)
Mt−1 + βtvtk

⊤
t

TTT
∥∥Mt(kt)− vt

∥∥2
2

GD Mt = Mt−1 − ηt∇ℓ(Mt−1; kt, vt)

Titans
∥∥Mt(kt)− vt

∥∥2
2

GD w/ M Mt = αtMt−1 + St

St = ηtSt−1 − θt∇ℓ(Mt−1; kt, vt)

In the next chapter, we will discuss some common architectural choices and
methods for training large scale hybrid attention models.
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Methods

3.1 Architectural Backbone

To fully understand the mechanisms giving rise to computation, we first need to
understand the network topology at play. In the past decade, neural network archi-
tectures have gone through a sequence of transformations. The transformer archi-
tecture (Vaswani et al., 2023) was a turning point in this evolution. Transformer
has become the defacto standard for Natural Language processing, Computer Vision
etc. The full "LLM" architecture has been at significant interest for the Machine
Learning community and has gone through countless iterations. However, a lot still
remains to be discovered. Many of these modifications are now seen as essential for
a performant language model, particularly but not limited to, layer normalization
(Ba et al., 2016; Henry et al., 2020), positional encodings (Su et al., 2023; Press
et al., 2022), gated MLPs (Shazeer, 2020) have emerged through years of empirical
investigation and ablation studies. Another major front in this search has been the

Figure 3.1 An Overview of model architecture and the architectural backbone. (Left):
Mamba, (Middle): Gated DeltaNet, (Right): Attention

29
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development of linear attention mechanisms. These architectures had limited im-
pact, but started getting attention after the release of Mamba (Gu and Dao, 2023)
in early 2023. Mamba demonstrated that it is possible to scale to long sequences
efficiently and introduced a parallel-scan algorithm. Further architectural develop-
ments over the past couple of years have given us a variety of architectures and
update rules as noted in Chapter 2. What we present here is only a subset of these
innovations, and we encourage the reader to continue their exploration beyond the
scope of this presentation.

3.1.1 Transformer Architecture

We highlight some of the important modifications to the original transformer archi-
tecture here:

3.1.2 Sequence Mixing Layers: Softmax Attention

Multi Head Attention (MHA)

Multi-Head Attention (MHA) was introduced by (Vaswani et al., 2023) as the
sequence-mixing primitive in the Transformer architecture. Let X = [x1, . . . ,xT ] ∈
RT×dmodel be the matrix of token embeddings for a sequence of length T . For each
head i ∈ {1, . . . , h} the model learns three linear projections WQ

i ∈ Rdmodel×dk ,
WK

i ∈ Rdmodel×dk and W V
i ∈ Rdmodel×dv that map the embedding space into separate

query, key and value subspaces. The projections produce Qi = XWQ
i , Ki = XWK

i

and V i = XW V
i . A single head computes the scaled dot-product attention

Oi = softmax

(
QiK

T
i√

dk

)
V i (3.1)

where the softmax is applied along the rows. The scale factor 1/
√
dk makes the

attention scores unit variance thereby keeping the gradients in a sensible range.
The h head outputs are concatenated and linearly recombined,

MHA(X) = [O1,O2, . . . ,Oh]W
O, WO ∈ Rhdv×dmodel (3.2)

before adding a residual connection and normalization to pass the result to subse-
quent feedforward blocks. For input X the output Y of a block can be written
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as,

X1 = X +MHA(LN(X)) (3.3)

Y = X1 +MLP (LN(X1)) (3.4)

Empirical mechanistic interoperability studies (Olsson et al., 2022) have revealed
that certain heads, dubbed as "induction heads", learn to copy an n-gram once they
have matched its first two occurrences. This online copy operation underpins the
emergence of in-context learning and is critical for few shot generalization. (Brown
et al., 2020)

Group Query Attention (GQA)

Group-Query Attention is a generalization of the key-value sharing idea in Multi-
Query Attention (Shazeer, 2019). In standard MHA each of the H heads have its
own set of key and value projections, and so the this presents a significant memory
bandwidth bottleneck during autoregressive decoding. MQA reduces this bottleneck
by letting every head share a single key and a single value. The key-value cache
therefore drops from O(THdk) to O(Tdk). GQA interpolates between these two
endpoints. Partition the H query heads into G disjoint groups of equal size H/G.
All heads in the same group share one key matrix K(g) ∈ RT×dk and one value
matrix V (g) ∈ RT×dv while retaining independent query projections for each head.
Therefore, the output of head i is given by,

Oi = softmax

(
QiK

g(i)T

√
dk

)
V g(i) (3.5)

Where i belongs to the group g(i). When G = H, this reduces to MHA and when
G = 1 this is equivalent to Multi-Query Attention. Intermediate choices trade a
small loss in representational flexibility for a large gain in memory bandwidth. Em-
pirically, the perplexity gap between GQA and full MHA is negligible for moderate
choices of G.

Multi-head Latent Attention

MLA from DeepSeek-AI et al. (2024) builds upon the observation that key-value
spectra are low rank and thus we can compresses the key-value tensor by projecting
it into a lower-rank latent space before the attention weights are applied. The query
matrix is as usual Q ∈ RT×dk but the keys and values are produced in two steps.
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First, we project them down using shared latent matrices, Kℓ,V ℓ ∈ RT×r and then
projected back up using head specific expansion matrices EK

i ,E
V
i ∈ Rr×dk . The

attention operation can be written down as

Oi = softmax(
QiE

KT

i KT
ℓ√

dk
)V ℓE

V
i (3.6)

and the key-value cache during autoregressive decoding scales as O(Ldk). This was
first introduced in DeepSeek-AI et al. (2024) and reported upto a 4× reduction in
memory-bandwidth with negligible loss in perplexity.

3.1.3 Sequence Mixing Layers: Mamba/GDN

As discussed in the previous chapter, GDN and Mamba2 (Gu and Dao, 2023; Yang
et al., 2024a) can be thought of as special cases of the associative memory update
rule. Figure 3.1 shows the architectural backbone around the specific update rule.

Mamba

Mamba maps an input sequence x(t) to an output y(t) via a hidden state governed
by a continous time ODE:

dh(t)

dt
= A(t)h(t) +B(t)x(t) (3.7)

y(t) = C(t)h(t) (3.8)

The state matrices A,B,C are dynamically generated from the input sequence.
For practical implementation, we convert this ODE to a discretized setting and the
resulting formulation is computed efficiently using a parallel scan algorithm (see
Appendix A.1).

GatedDeltaNet

As derived on Chapter 2, the memory state M t is updates as:

t= γtM t−1(I − ηtktk
T
t ) + ηtvtk

T
t (3.9)

Where γt is an input dependent gate. This update explicitly probes the memory
with the current key kt, computes the retrieval error, and then modifies the memory
trace corresponding to that key.
These two architectures, while mathematically distinct, share a common goal: to
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create a fixed-state recurrent system that is content-aware and computationally
efficient, making them ideal building blocks for our hybrid models.

3.1.4 Other architectural Components

The sequence mixing layer is the heart of a Transformer block, but its function is
supported by several other critical components that are essential for learning, sta-
bility, and expressivity. These components are largely shared across both standard
Transformer and our hybrid architectures.

Feed Forward Network

The second major sub-layer within a Transformer block is the position-wise Feed-
Forward Network (FFN). Following the sequence mixing layer, the FFN applies a
two-layer Multi-Layer Perceptron (MLP) independently to each token representation
in the sequence. In the context of our associative memory framework, the FFN
can be viewed as the repository of static, parametric knowledge learned during
pretraining. While the sequence mixer handles dynamic, in-context associations,
the FFN stores the distilled, general knowledge of the model.
Modern architectures have largely replaced the original ReLU activation in FFNs
with Gated Linear Units (GLUs), such as SwiGLU (Shazeer, 2020). The SwiGLU
activation is defined as:

SwiGLU(x) = (xW 1)⊗ SiLU(xW 2) (3.10)

where SiLU(z) = z · σ(z) and ⊗ is element-wise multiplication. The gating mecha-
nism, which introduces a multiplicative interaction between two parallel linear pro-
jections, has been empirically shown to significantly improve model performance.
This FFN structure is a core component of our architectural backbone and, in our
distillation experiments, its weights are directly transferred from the teacher to the
student model.

Short Convolutions

A crucial insight from the development of modern recurrent models is the importance
of local context. The projections that create the query, key, and value vectors in a
standard Transformer are purely point-wise (Allen-Zhu and Alfarano, 2025). The
representation of the input is mapped to (qt,kt,vt) without any information from
its immediate neighbors. This can be a limitation for linear recurrent models, which
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process information strictly sequentially.
To address this, architectures like Mamba and our hybrid models incorporate a short
1D causal convolution as a preliminary step before the main sequence mixing layer.
The input sequence X is first passed through a short convolutional kernel (of size
2, 4). This allows the representation for each token to be a blend of itself and
its immediate predecessors. The resulting vectors that are then projected into keys,
values, and queries are thus already locally contextualized. This simple addition has
been shown to be a critical ingredient for enabling linear-time models to effectively
process complex, information-dense sequences like natural language, and it is a
standard component of the recurrent blocks used in our experiments.

Positional Embeddings

Without positional information, the attention mechanism cannot distinguish be-
tween shuffled and unshuffled sequences. The original transformer architecture
uses fixed sinusoidal embeddings where for position p and where each position p
is mapped to a vector of sinusoidal functions of different frequencies.

PE(p,2i) = sin
( p

100002i/d

)
, PE(p,2i+1) = cos

( p

100002i/d

)
(3.11)

This choice allowed for extrapolation to unseen sequence lengths as the embeddings
were not tied to a learned index. However, as we will see later, positional embed-
dings while necessary make length extrapolation more difficult.
Recently rotary positional embeddings (RoPE), introduced in (Su et al., 2023) have
become increasingly popular. RoPE modifies the self attention mechanism by ro-
tating the query and key vectors based on their position. RoPE introduces position
information by rotating vectors in a way that the resulting dot product encode rel-
ative positions.
Assume that the hidden dimension d is even. We split the K,Q vectors into d/2

pairs s.t
x = [x1,x2,x3,x4 . . . ] ⇒ [(x1,x2), (x3,x4) . . . ] (3.12)

Each of these pairs can be seen as vectors in R2 and we define the rotation operation
as,

Rotθ(x1, x2) = (x1 cos θ − x2 sin θ, x1 sin θ + x2 cos θ) (3.13)
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Define a frequency vector ω = (ω1, ω2 . . . , ωd/2) where ωi = 10000−2i/d. Then for
position p the rope transformation on a query or key vector is

RoPE(x, p) =

d/2⊕
i=1

Rotθp,i(x2i−1, x2i). (3.14)

We can see that the dot product satisfies,

⟨RoPE(x, p), RoPE(y, q)⟩ = ⟨x,RoPE(y, q − p)⟩ (3.15)

The attention score between the positions p and q only depend on their relative
offsets. It also preserves the euclidean norm since rotation is an orthonormal oper-
ation.

Normalization

Normalization methods play a key role in ensuring stable forward pass and gradients.
This plays a key role in accelerating convergance and improving generalization. Here
we discuss some widely adopted normalization strategies.

• LayerNorm: Originally proposed in (Ba et al., 2016) for recurrent neural
networks, LayerNorm has found its place in most modern LLMs. Here, we
normalize across the feature dimension independently for each sample ensuring
consistent layer statistics during forward and backward passes. Given a vector
x ∈ Rd,

LayerNorm(x) = γ.
x− µ

σ
+ β, µ =

1

d

d∑
i=1

xi, σ =

√√√√1

d

d∑
i=1

(xi − µ)2 + ϵ

(3.16)
Where γ, β are trainable parameters and ϵ is a small constant for numerical
stability. It is easy to see that LayerNorm stabilizes the variance of activations,
thereby preventing vanishing or exploding gradients.

• RMSNorm: Root Mean Square norm is a slight simplification of LayerNorm
by removing the mean subtraction. i.e

RMSNorm(x) = γ.
x

RMS(x)
, RMS(x) =

√√√√1

d

d∑
i=1

x2
i + ϵ (3.17)

This removes computational overhead and maintains similar or improved per-
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formance. Llama3 (Grattafiori et al., 2024) uses RMSNorm before attention
and before MLP layer.

• QKNorm: QKNorm specifically addresses instabilities in the attention com-
putation by normalizing query and key vectors,

Q′ =
Q− µQ

σQ

, K ′ =
K − µK

σK

(3.18)

Qwen3 (Yang et al., 2025) uses RMSNorms before attention and MLP and
uses QKNorm inside the attention calculation.

Activation Functions

Activation Functions increase the expressive power of a model by transforming the
input using a nonlinear function.

• GELU: Gaussian Error Linear Unit (Hendrycks and Gimpel, 2023) is one of
the most common activations used with transformers. It is defined as,

GELU(x) = x.Φ(x) = x.
1

2

[
1 + erf(

x√
2
)

]
(3.19)

Where Φ is the standard gaussian CDF and erf is the error function. This
activation is smooth, differentiable and non-monotonic and exhibits curvature
at all points. This increased curvature and non-monotonicity allows GELU to
apprximate complicated functions than ReLUs or ELUs.

• Swish: The swish function is a modification of sigmoid and the swish family
was designed to smoothly interpolate between a linear function and the ReLU
function. SwiGLU combines the gating mechanism of Gated Linear Units
(GLU’s) (Shazeer, 2020) with the swish activation function, defined as,

SwiGLU(x, y) = Swish(x).y, Swish(x) = x.σ(βx) (3.20)

Where σ is the sigmoid function and β is the learnable parameter.

3.2 Training Datasets and Evaluation Metrics

Since we are focused on understanding the reasoning differences in hybrid archi-
tectures, we train the models on a mixture of math datasets. For all the 150M
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models, we use a 1:1 mixture of OpenMathInstruct2 (Toshniwal et al., 2024) and
MetaMathQA (Yu et al., 2024). We pretrain on question answer datasets by con-
catenating the prompt and the answer. We do not use any chat template or special
formatting during pretraining. For evaluation, we generally report test accuracy on
the test split of GSM8K, MATH500 (Cobbe et al., 2021; Hendrycks et al., 2021).

3.2.1 Training Datasets

More information for these datasets with problem-solution examples are provided
in Appendix ??

OpenMathInstruct2

OpenMathInstruct (Toshniwal et al., 2024) consists of 14M problem-solution pairs
generated from the GSM8K and MATH Datasets and generated by Llama-3.1-405B-
Instruct (Grattafiori et al., 2024).

MetaMathQA

MetaMathQA is bootstrapped from GSM8K and MATH500 training datasets. These
questions are diverse in their reasoning directions (Yu et al., 2024).

OpenThoughts-114k-math

Guha et al. (2025) consists of 89K generations from DeepSeek-AI et al. (2025) on
questions from NuminaMath. These generations are usually much longer ranging
from 1K-30K.

3.2.2 OpenR1-Math-220k

Similar to OpenThoughts, these are also generated from DeepSeek-AI et al. (2025)
on NuminaMath-1.5.

3.2.3 Evaluation Datasets

GSM8K

Introduced in (Cobbe et al., 2021), it has become the most widely used benchmark
to understand mathematical capabilities of language models. The test set consists
of 1319 problems of grade school math.
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MATH500

This dataset is a subset of 500 problems from the MATH benchmark (Hendrycks
et al., 2021).

3.3 Pretraining

To understand architectural tradeoffs, we pretrain 150M models of various hybrids
percentages (See 4.1) and various architectures like Mamba, GDN, Transformers.
For this, we use the OLMo (OLMo et al., 2025) codebase released by Allen Institute
for AI. For Mamba2 and Gated DeltaNet we use FlashLinearAttention (FLA) (Yang
and Zhang, 2024) for accurate and fast triton implementations. We integrate these
architectures within the OLMo codebase and implement our own caching mechanism
to handle the combination of caches. Each attention layer keeps its own KV-Cache,
that grows with sequence length. Each Mamba/GDN layer keeps its own copy of
cache with recurrent_state and conv_state. We sweep over a variety of archi-
tectural choices and report the results of the sweep in Sections ?? and 4.1.5. For
attention, we use fast kernels from FlashAttention2 (Dao, 2023). Also see Appendix
A.1 for more information on the Chunkwise training of these linear attention archi-
tectures as implemented in FLA.
First, we tokenize OpenMathInstruct2 and MetaMathQA using the Llama 2 (Tou-
vron et al., 2023) tokenizer. The reason behind this choice is the comparatively
smaller vocabulary of 32K. Since our models are small (150M), we keep the vocab-
ulary size small. The total number of non embedding parameters for pure attention
models is 137.8M. We use an mlp dimension of 8× dmodel and use RoPE (Su et al.,
2023) for all attention layers. For Mamba/GDN, we do not use positional em-
beddings since these architectures already represent positional information in its
sequential processing. We use a max sequence length of 2048 for training and use
the AdamW optimizer (Loshchilov and Hutter, 2019). We use a cosine schedule for
learning rate with twarmup = 5000 and lr = 0.001. Further learning rate sweeps are
given in 4.1.4. We use the Kempner Cluster for training all the models, and each
training run takes about 30 Hours on 2 H100 GPUs.

3.4 Cross-architecture distillation

Training large language models is a costly endeavor and requires significant capital
and human effort. Even modest sized Llama (Grattafiori et al., 2024) like Llama-



Chapter 3. Methods 39

Table 3.1 Default hyperparameters for 150M models

Parameters Values
Model dimension 768
Number of Layers 12
Number of Heads 12

Number of Key-Value Heads 12
MLP Ratio 8

Max Sequence length 2048
Embedding Size 32000
Activation Type SwiGLU

Positional Embedding RoPE
RoPE Theta 10000

Optimizer Type AdamW
Adam Betas (0.9, 0.95)

Learning Rate 0.001
Weight Decay 0.1

Tokenizer Llama-2-7b

3.1-8B required 1.46 Million H100 hours of training time. Bigger models in the
same family, like Llama-3.1-405B used about 30.9 Million H100 hours of training.
Training LLMs now use an everincreasing amount of energy, and now require signifi-
cant amount of new infrastructure to meet this demand. Besides energy constraints,
training models is a huge engineering effort, making sure that the training runs are
stable and without any loss spikes.
Over the course of the last few years, the research community has figured out tricks
to make transformers stable during training. While these techniques have improved
the quality of training runs significantly, it remains to be seen if these techniques
transfer over to other types of architectures discussed here. Training Mamba/GDN
etc architectures has been a pain-point in the community and hence it becomes
harder to scale these architectures in terms of model size and training flops.
To overcome these challenges, and to effectively leverage the immense investment in
existing open-source models, we develop and employ a multi-stage cross-architecture
distillation framework. The central goal is to transfer the sophisticated reasoning
capabilities of a large, pretrained Transformer model (the "teacher") into an infer-
ence efficient hybrid architecture (the "student") that uses linear recurrent layers.
Our methodology closely follows (Wang et al., 2025b), and combines an extra stage
for attention score alignment. This allows us to create powerful and scalable models
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at a fraction of the computational cost of pretraining from scratch. Our methodol-
ogy is a four-stage pipeline that combines attention transfer, attention alignment,
knowledge distillation and supervised fine-tuning.

3.4.1 Overview and Previous Work

The core hypothesis behind these approaches is that a significant portion of a lan-
guage model’s learned knowledge is stored in the non-attention part of the network,
specifically the feed-forward networks (FFNs), which act as memories. The sequence
mixing layers are responsible for dynamic processing and routing of this information
in context. Therefore, it should be possible to replace the computationally expensive
self-attention mechanism with a more efficient recurrent alternative, while persever-
ing the parametric knowledge stored in the rest of the network.
This idea of converting transformers into RNNs was first introduced in Kasai et al.
(2021) where the authors proposed a swap-then-finetune procedure. Specifically,
they replaced the softmax attention with a linear-complexity RNN with a learned
feature map and then finetuned the entire model. Mercat et al. (2024) proposed
Scalable UPtraining for Recurrent Attention (SUPRA) to uptrain to its recurrent
formulation. While these methods require full-model updates to recover the initial
quality. Zhang et al. (2025) combined attention transfer and another stage of LoRA
finetuning to rapidly recover quality.
Zhang et al. (2025); Wang et al. (2025c) demonstrated that initializing a hybrid
model by directly copying the FFN and embedding weights from a pretrained Trans-
former provides a massive head start. Building on this, Wang et al. (2025b) pro-
posed M1, a comprehensive framework for transferring reasoning capabilities from a
Transformer to a Mamba-based model using distillation and finetuning. Our method
adapts this paradigm into a four stage process, omitting the final RL stage to focus
purely on the transfer of reasoning capabilities through distillation and supervised
learning.

3.4.2 Four stage transfer procedure

Our framework systematically transfers knowledge from a 1.3B parameter pretrained
Llama model (Grattafiori et al., 2024) to a hybrid model of roughly the same size.
The student architecture is similar to the teacher, but with some of the layers re-
placed with a linear sequence mixer, such as Mamba and GatedDeltaNet, and its
backbone.
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Stage 1: Knowledge Transfer

The first stage provides the student model with a strong foundation of pretrained
knowledge. Instead of starting with a randomly initialized student, we perform a
direct weight transfer from the teacher model.

• The weights for all non-attention layers, including token and positional em-
beddings, the FFNs and the lm-head are copied directly from the teacher to
the student.

• For each replaced layer, we copy the key, query and value weight matrices
W k,W q,W v, directly to its recurrent alternative.

• All the other parameters newly introduced, such as gating, convolutions etc
are randomly initialized.

This architectural seeding provides the student with the vast repository of paramet-
ric knowledge learned by the teacher during its extensive pretraining. The subse-
quent training stages can therefore focus on the more targeted task of teaching the
new recurrent layers how to process and route this information effectively, rather
than learning everything from scratch.

Stage 2: Attention Alignment

Similar to Zhang et al. (2025), we use (3.22) to mimic attention logits in our linear
RNN model. Specifically, attention alignment step refers to closely approximating
softmax attention using a linear attention module. For each head and layer,

yn =
T∑
i=1

exp(qT
nki/

√
dk∑T

i=1 exp(q
T
nki/

√
dk

vi︸ ︷︷ ︸
Softmax Attention

ŷn =
T∑
i=1

ϕ(qn)
Tϕ(ki)∑T

i=1 ϕ(qt)
Tϕ(ki)

vi︸ ︷︷ ︸
Linear Attention

(3.21)

for all n ∈ {1, . . . , T} where T is the sequence length. We train the feature maps
(or gates for GLA) to minimize the mean squared error,

ℓ2 =
1

MH

M∑
m=1

H∑
h=1

ℓh,mMSE ℓh,mMSE =
1

d
∥yn − ŷn∥2 (3.22)

where h represents the head, and m the layer.
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Stage 3: Knowledge Distillation

The second stage aims to teach the student’s recurrent layers to mimic the full pre-
dictive behavior of the teacher’s powerful self-attention mechanism. This is achieved
through knowledge distillation. The student model is trained on the pretraining cor-
pus (OpenMathInstruct2) using logits from the teacher model on the same dataset.
The distillation loss minimizes the Kullback-Leibler (KL) divergence between the
students and the teachers probability distribution. The teacher model, having been
trained on a massive corpus produces a rich distribution over the vocabulary. The
student model is trained to replicate these soft labels from the teachers.
The KL-Divergence from a distribution Q to a distribution P is an information
theoretic measure of how different one probability distribution is from a second
probability distribution. For a vocabulary size V , it is defined as

DKL(P||Q) =
V∑
i=1

P(i) log

(
P(i)

Q(i)

)
(3.23)

Intuitively, it represents the "information gain" achieved if we revise our beliefs
from a prior distribution Q to the posterior distribution P . It is important to note
that KL-Divergence is not a metric since it is not symmetric. Meaning for any
two probability distributions DKL(P||Q) ̸= DKL(Q||P). The choice of these two
measures, has implications on our training, and we discuss those here.

• Forward KL Divergence: LForward = DKL(PTeacher||PStudent)

Minimizing the forward KL divergence is often described as "mode covering".
To make this loss smaller, the student distribution is heavily penalized if it
assigns low probability to any token where the teacher assigns a non-zero prob-
ability. This forces the student’s distribution to cover all the modes (peaks)
of the teacher’s distribution. The resulting student tends to cover a larger
distribution over the vocabulary, but might be uncertain.

• Reverse KL Divergence: LReverse = DKL(PStudent||PTeacher)

Minimizing the Reverse KL divergence is described as "mode seeking". The
student is heavily penalized if it assigns a nonzero probability to a token where
the teacher assigns a near zero probability. This forces the student to have zero
probability in regions where the teacher’s distribution is small. The student
therefore is incentivized to focus its probability mass on the high probability
modes of the teacher distribution.
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In this framework, we use the reverse KL divergence since we want the student to
learn the teacher’s high probability modes. To provide a richer training signal, it
is standard practice in knowledge distillation to use a temperature parameter T .
The logits from the teacher and the student are divided by T before the softmax is
applied.

PStudent(i) =
exp(zi/T )∑
j exp(zj/T )

(3.24)

Stage 4: Supervised Finetuning

After the distillation stage, the student has learned to approximate the teacher’s
general language modelling capabilities. Since our focus is on models that perform
mathematical reasoning, we perform a final stage that hones its abilities to perform
multi-step reasoning and instruction following.
We use the standard paradigm of next-token prediction using the cross-entropy loss
defined as,

LCE(y,p) = −
V∑
i=1

yi log(pi) (3.25)

Minimizing the cross-entropy loss is equivalent to maximizing the log-probability of
the correct next token. Similar to the Knowledge Distillation stage, we use Open-
MathInstruct2 for 2 epochs for a maximum sequence length of 8192. Other hyper-
parameters used in the entire procedure are given in Table 3.3.
At the conclusion of this stage, the student model is fully trained: a computation-
ally efficient hybrid architecture endowed with the distilled knowledge of a large
Transformer and finetuned for specifically for mathematical problem solving. The
Knowledge Distillation and SFT stages each take around 24 Hours on 4 H100 GPUs
for a meta-llama/Llama-3.2-1B (Dubey et al., 2024) teacher model.

3.5 Scaling inference-time compute

The traditional scaling laws (Kaplan et al., 2020) that have guided the development
of large language models have primarily focused on scaling pretraining-compute.
The scaling laws state that the performance predictably improves by increasing
model size, dataset size and training duration. However, as the costs of pretraining
reach astronomical levels and returns begin to diminish, a new and complementary
paradigm has emerged: scaling inference-time compute. This approach increases the
model’s effective intelligence and reasoning capabilities can be significantly enhanced
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Table 3.2 Hyperparameters for cross-architecture distillation on 1.3B models

Parameters Values
Teacher Model Llama-3.2-1B-Instruct

Model dimension 2048
Number of Layers 16
Number of Heads 32

Number of Key-Value heads(GQA) 8
Embedding Size 131072

MLP Size 8192
FFN Type swiglu

Positional Embedding Type rope
RoPE Theta 500000

Distillation Loss Type Revere KL
Optimizer Type AdamW

Adam Betas (0.9, 0.95)
Learning Rate (Distillation) 5e-6

Learning Rate (SFT) 1e-5
Weight Decay 0.1

Train Sequence Length 8192
Dataset (Distillation + SFT) OpenMathInstruct2

Number of Epochs (Distillation) 1
Number of Epochs (SFT) 2

Table 3.3 Layers Replaced during cross-architecture distillation on meta-llama/Llama-
3.2-1B-Instruct

Model Name Layers Replaced
Llama 1B None

Mamba/GDN 25 3,7,11,15
Mamba/GDN 50 1,3,5,7,9,11,13,15
Mamba/GDN 75 1,2,3,5,6,7,9,10,11,13,14,15

Mamba/GDN 87_5 1,2,3,4,5,6,7,9,10,11,12,13,14,15
Mamba/GDN 100 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15
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not just by making the model itself larger, but by allowing it to "think longer" and
explore multiple reasoning paths at the time of solving a problem.
This paradigm shifts the computational burden from training the model, to the
recurring cost of inference. Scaling inference-time compute equips language models
with continuous train of thought that leads to exploration of different avenues, verify
intermediate steps and consolidate our findings, akin to humans. These techniques
can be broadly categorized into two families, parallel methods, which explore many
independent lines of thought, and sequential methods, which iteratively refine a
single line of thought.

Parallel Scaling

Parallel methods (Snell et al., 2024; Brown et al., 2024) are highly parallelizable and
involve generating a large number of independent solutions to the same problem and
then aggregating them to produce a final answer. The underlying assumption is that
while the model may make many errors in a single path, multiple processes will equip
the model with stronger consensus. N candidate solutions are generated by sampling
the models output distribution, typically with a non-zero temperature. There are
multiple aggregating methods that can be used

• Maj@k: We aggregate the final answers from all the N paths and the final
answer is the most frequently occuring.

• Best-of-N: When an external verifier exists, typically another langugage model
or an answer-checker, we can assign a confidence score to each answer. The
final answer is the best one, as decided by the verifier. Weighted voting ex-
tends this method by weighing each answer with a confidence score and then
calculating the confidence score across similar answers.

• Pass@k: It measures the probability that atleast one correct solution exists
within a set of k generated samples. It directly quantifies the effectiveness of
parallel sampling and is also called as coverage.

Sequential Scaling

While parallel methods explore breadth, sequential methods (Muennighoff et al.,
2025; Xie et al., 2024; Kumar et al., 2024; Wei et al., 2022) explore depth. They
are based on the idea of iterative refinement, where the model generates a solution,
reflects upon its own work, and then uses that reflection to generate a better solution.
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This process transforms a single forward pass into a multi-step reasoning loop. For
this to be effective, two key capabilities are required:

• Verification: The same model (or an external model) must be able to act as
a critic or verifier. After generating an initial solution, it is prompted again,
this time to analyze its own work, check for logical fallacies, verify calculations,
and provide structured feedback.

• Refinement: The model must then be able to take its original prompt, and
its own critique as a combined input, and generate a new, improved solution
that addresses the identified flaws.

Need for inference-efficient architectures

The primary obstacle to the widespread exploration and adoption of these methods
is the immense computational cost when using the standard Transformer architec-
ture. Generating N independent samples requires running N separate generation
processes. In transformers, the memory required for the KV Cache for each sam-
ple grows linearly with the sequence length T , and in total is therefore O(N × T ).
Sequential methods are even more demanding. The quadratic scaling in sequence
length increases the computational burden of longer and longer chain of thoughts.
Linear Recurrent architectures have a fixed state size, independent of the sequence
length. Generating a sequence of length T only requires O(1) memory for the
state. The time to generate next token is also independent of the generated se-
quence length in contrast to transformers. This combination of constant memory
and constant time per step makes linear RNNs the ideal architectural backbone for
scaling inference-time compute. The development of a performant hybrid model,
as detailed in our methodology, is therefore a direct step toward building a system
capable of leveraging these state-of-the-art reasoning strategies in an efficient and
scalable manner.
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Results

4.1 Pretrained models

In this section we discuss results related to pretraining 150M models of various
hybrids and its evaluation on GSM8K and MATH500 datasets. All models are
trained for 4 epochs on a mixture of OpenMathInstruct and MMQA, for a total of
37.1 Billion tokens. We also present various hyperparameter ablations.

4.1.1 Transformer Baseline

For comparison, we first pretrain a baseline Transformer model.

Figure 4.1 (Left): Cross-entropy loss during training, (Right): Perplexity during training.
The sudden drops represent epoch changes since we repeat the data for 4 epochs. Note
that the x-axis starts from 10B Tokens.
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Figure 4.2 (Right) Training perplexity for Mamba Hybrid models. (left) Majority Accu-
racy on GSM8K.

Table 4.1 The pretrained models have 12 Layers. For each hybrid type, these are the
default values for layers with attention. We follow the usual striped design (Lieber et al.,
2024; Glorioso et al., 2024; Ren et al., 2024). Note that the layers mentioned are full
attention

Model Name Attention Layers
Mamba/GDN 50 1,3,5,7,9,11
Mamba/GDN 75 3,7,11
Mamba/GDN 83 5, 11
Mamba/GDN 100 None

4.1.2 Mamba

Figure 4.2 shows the accuracy of our pretrained mamba hybrid models on GSM8K
with majority voting to scale test-time compute. Across the board, higher attention
model shows better GSM8K performance. As we will see in the next section, our
cross-architecture distilled models show a similar trend. In Figure A.1, we present
the Loss and Perplexity plots for Mamba-Transformer Hybrid models. For each
of these models, we try multiple hyperparameters and plot the one with lowest
perplexity at the end of training., see 4.1.5 for other sweeps.

4.1.3 Gated DeltaNet

Figure 4.3 shows the accuracy on GSM8K for Gated DeltaNet hybrid models. These
show an interesting trend where 2-3 layers of interleaved attention show the highest
performance. As we will see in Figure 4.12, our cross architecture distilled models
also show a similar interesting trend. These results show that it is possible to develop
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Figure 4.3 (Right) Training perplexity for Gated DeltaNet Hybrid models. (left) Majority
Accuracy on GSM8K.

hybrid models who reason similar to pure attention models using Gated DeltaNet.

4.1.4 Ablation Studies: Transformer

Figure 4.4 Learning rate and Weight decay sweep for Transformer 150M model. Higher
learning rate makes the training unstable. The best performing model was chosen with
the lowest perplexity and corresponds to lr = 0.001 and wd = 0.1

4.1.5 Ablation Studies: Gated DeltaNet and Mamba

To further understand hyperparameter choices, we present ablation studies. For all
the hyperparameters not mentioned, assume default values given in 3.1.

4.2 Cross architecture distillation

In this section we explore the test time scaling of our cross-architecture distilled
models. We see a similar trend in Mamba of more attention leading to better per-
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Figure 4.5 For mamba models, (Right) we sweep over some reasonable choices of dinner
and dxb. Note that these choices are independent of the model dimension (768). (Left)
The SSM state dimension. Mamba models are very susceptible to spikes.

Figure 4.6 To understand why spikes occur in Mamba models, we tried changing the
dt_rank parameter. Intuitively this controls the information written to the hidden state.
We find conservative values of dt_rank reduce the instabilities. Related, Zuo et al. (2025)
reported that clipping dt to positive values also help with instabilities.

formance and scaling. Gated DeltaNet on the other hand has the unusual scaling,
similar to results from pretrained models. We also use Needle In a Haystack ([Kam-
radt, 2023) benchmark to test the long context capabilities of our distilled models.
With any percent of attention, there is a sudden dropoff in quality after its training
length. A pure linear attention model performs poorly but does not show this sudden
drop off. This highlights the long-context evaluation tradeoffs for these models
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Figure 4.7 (Top Left) Sweep over the number of KV heads. The number of Query heads
are always 12. (Top Right) ShortConv is an important piece in the architectural backbone
of Gated DeltaNet. We show that the size of the convolution does not matter, but it is
important to retain reasoning capabilities. (Bottom Left) For Gated DeltaNet 83, we try
various permutations of inserting attention Layers. Attention in the last layer (11) greatly
improves performance, also seen in (Bottom Right) for GDN73.

4.2.1 Gated DeltaNet and Mamba

Figures 4.8 and 4.10 represents an interesting phenomenon. While designing hy-
brid models, we aim to increase efficiency while keeping the performance intact.
Practitioners usually make a tradeoff on the performance gap that they are okay
with and design their models. Gated DeltaNet results show that there might be an
ideal architectural layout choice that gives us maximum efficiency while maintaining
reasonable performance. We hope to explore these architectural details and their
properties further in our future work. The next section focuses on the representa-
tional difference between thse architectures.
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Figure 4.8 Our Cross-architecture distilled Gated DeltaNet Hybrids on MATH500 with
Pass@k and Maj@k. The teal plot is pass@k, and shows that the model coverage is high.
100 percent GatedDeltaNet also performs fairly well.

Figure 4.9 Needle in a Haystack plots for GatedDeltaNet and Llama-1B. .
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Figure 4.10 Mamba Hybrids on MATH500 with Pass@k and Maj@k

Figure 4.11 Needle in a Haystack plots for Mamba hybrids and Llama-1B. Similar to
Figure 4.9 we see a sudden drop off in long context retrieval outside the training context
length for models with any amount of attention.
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Figure 4.12 Combined Scaling plots for MATH500 and GSM8K on all cross-architecture
distilled hybrid models. (Top) Gated DeltaNet and (Bottom) Mamba.
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4.3 Understanding Representations

The theoretical framework of this thesis posits that different sequence mixing layers
correspond to distinct associative memory update algorithms. While we have eval-
uated these architectures on downstream task performance, this tells us what they
can do, but not how they do it. A deeper understanding requires peering inside
the models to observe how they dynamically organize information in response to
context. To investigate this, we use the in-context graph tracing task from Park
et al. (2025) to probe and visualize the formation of internal representations.

4.3.1 In-context Graph Tracing

We randomly select a set of concepts (tokens) and form a grid that is unrelated
to the semantics between the tokens. For eg, a set of common nouns (e.g., "ap-
ple", "bird", "car") are chosen as nodes. The model is then fed a long context
consisting of examples of random walk on this graph. Park et al. (2025) showed the
emergence of representations mirroring the grid-like structure in the internal acti-
vations of the models when visualized using PCA. The paper posits that standard
transformer models exhibit a emergent property where the representations undergo
a sudden phase transition and allows the model to build novel "world models" from
in-context examples. We apply the same methodology to our distilled hybrid models
to investigate how the balance between attention and mamba layers affect this ca-
pability. Specifically to calculate mean token representations hi from the last layer.
For every token i ∈ T in our graph, we grab the activation per token in the most re-
cent context window of Nw = 50 tokens. We then compute the mean activation per
token and stack the together to obtain Hℓ(T ) ∈ Rn×d. We then run PCA on this
matrix and use the first two principle components to visualize model activations.

We find that models with more attention layers is able to form in-context rep-
resentations but they appear less crisp as we reduce the amount of attention. We
hypothesize that self-attention is the primary mechanism for the in-context forming
of novel relations due to its ability to perform all-to-all comparisons. The fixed-state
recurrent layers, while efficient and performant, lack the ability to construct these
de-novo representations from scratch. This is not to say that recurrent layers can-
not learn structure, but that their mode of learning may be different. This provides
a strong, mechanistically grounded argument for why hybrid architectures are so
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Figure 4.13 Fig 1 from Park et al. (2025) explaining the task and visualizations for Llama-
3.1-8B. We use the same methodology of plotting the model’s mean token representation
onto the top two principle compoenents.

Figure 4.14 PCA visualization of last layer of Llama 1B with different context length
presented.

Figure 4.15 PCA visualization of 25% Mamba: 75% Attention

compelling: they offer the potential to combine the rapid, in-context reasoning and
representation-building capabilities of attention with the computational efficiency
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Figure 4.16 PCA visualization of 50% Mamba: 50% Attention

Figure 4.17 PCA visualization of 75% Mamba: 25% Attention

Figure 4.18 PCA visualization of 87.5% Mamba: 12.5% Attention

of recurrent updates. The ultimate challenge, which remains an open and fascinat-
ing area for research, is to discover the optimal way to blend these two powerful
associative memory paradigms.
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Figure 4.19 PCA visualization of 100% Mamba: 0% Attention



Chapter 5

Discussion

5.1 Do we really need long context?

The model’s capacity for complex reasoning is fundamentally linked to the amount
of information it can process in a single context window. We have seen models with
larger context windows demonstrate remarkable "needle-in-a-haystack" retrieval ca-
pabilities and generate more coherent, long-form text, leading to an architectural
arms race towards processing millions of tokens. The implicit assumption is that
the primary barrier to more general intelligence is the size of the model’s working
memory, raising a provocative and fundamental question: if we could build a Trans-
former with a truly infinite context window, would it become infinitely intelligent?
As explored by Zhong et al. (2025), associative memory models, when viewed as the
online optimization systems we have described, face a theoretical risk of memory con-
vergence during in-context learning. Their analysis show that for both DeltaNet and
softmax attention, the memory state M t will in the limit of infinitely long context,
converge to a fixed point. This theoretical risk is compounded by a well-documented
empirical phenomenon: the "Lost in the Middle" problem from Liu et al. (2023).
Multiple studies have robustly demonstrated that even state-of-the-art long-context
Transformers do not utilize their context window uniformly. Performance on re-
trieval and question-answering tasks is highest when the relevant information is
placed at the very beginning or the very end of the context, and it degrades signifi-
cantly when the crucial facts are buried in the middle. This U-shaped performance
curve reveals that having information within the context window is not the same
as being able to access and reason over it effectively. A model with a million-token
context may not have a million tokens of usable context. This suggests that the
brute-force memory of the KV Cache is not a perfect associative memory but a
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noisy and biased one, where positional biases and attentional saturation limit its
practical utility long before its theoretical capacity is reached.
This leads to a more nuanced vision for future architectures, one that moves beyond
the monolithic pursuit of a single, ever-larger memory system. Intelligence is likely
not just a function of memory size, but of the interplay between different types of
memory and computation. The efficient recurrent models at the heart of this the-
sis, which are forced by their O(1) state size to learn compressed representations,
are a natural candidate for an intelligent "working memory". The true challenge,
therefore, may not be building a memory of infinite size, but designing the opti-
mal interface between a fast, intelligent reasoning engine and a vast but passive
knowledge repository.

5.2 Recurrent Depth and Latent Reasoning

If scaling horizontally along the axis of context length is not the only path forward,
we must consider the alternative: scaling vertically by increasing the computational
depth applied at each timestep. Instead of a model that reads more, we can envision
a model that thinks more about what it has already read. The standard recurrent
update M t = f(M t−1,xt), performs a single transformation per input token. The
idea of recurrent depth is to iterate this update multiple times per timestep be-
fore producing an output. The model would perform a sequence of internal state
transitions:

M k+1
t = f(M k

t ,xt) for k = 0, 1, . . . K − 1 (5.1)

and M 0
t = M t−1. This iterative process draws a direct and powerful analogy to the

dynamics of a Hopfield network. A standard RNN is like a single, one-step update
of a Hopfield network’s state. Introducing recurrent depth is equivalent to allowing
the network to iterate for multiple steps, letting its internal state settle into a more
stable energy minimum.
We can frame this iterative process as latent reasoning. The sequence of intermediate
states, M 1

t , . . . ,M
K
t represents an internal chain-of-thought that occurs within the

model’s associative memory before it commits to emitting the next token. The
crucial advantage of the efficient recurrent models studied in this thesis is that
iterating their fixed-size state update is computationally cheap. In contrast, iterating
a full Transformer block, with its O(T 2) attention mechanism, would be prohibitively
expensive. Linear-time recurrent architectures are therefore the ideal substrate for
exploring this new dimension of computational depth.
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5.3 Test time training

The concept of latent reasoning, which can be viewed as an implicit, fixed-point
optimization, can be generalized to its most powerful and explicit form: Test-Time
Training (TTT). This paradigm takes the central thesis of our online optimization
framework. If the forward pass of a recurrent model is an approximate solution
to a per-step optimization problem, TTT proposes that we can achieve better per-
formance by investing more compute to find a better solution at inference time.
TTT involves performing several explicit steps of gradient descent on a subset of
the model’s parameters (or a dedicated set of adapter parameters) to minimize a
self-supervised loss on the current test input. For instance, given a complex prompt,
the model could be tasked with minimizing its own prediction error on different parts
of that prompt, thereby adapting its internal memory state to become a better on
that specific context before generating a final response.
This is the ultimate practical realization of the online optimization framework. The
forward pass is no longer a single, fixed update rule but a dynamic, adaptive opti-
mization process. This suggests a path towards models which can learn and adapt
in-context at inference time. While challenges remain in defining the right self-
supervised objectives and ensuring computational tractability, TTT represents a
paradigm shift from static, pretrained models to dynamic, continuously adapting
agents.

5.4 Outlook on architectural design

The design choices made in a sequence model are instantiations of specific learning
and memory management style. This perspective compels us to move beyond the
current paradigm, which has been dominated by the monolithic scaling of a single
architectural primitive, the Transformer. The fundamental question for the next
generation of AI should not be "What is the successor to the Transformer?" but
rather, "How do we design systems that intelligently compose different forms of
memory and computation?"
The future of advanced AI may not lie in a single, unified architecture, but in a
more modular and cognitively inspired approach that embraces architectural spe-
cialization. Human cognition does not rely on one giant, uniform memory system;
it leverages a sophisticated interplay between a fast, flexible, but capacity-limited
"working memory" for active reasoning, and a vast, slower, and more compressed
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"long-term memory" for storing knowledge. The architectures explored in this thesis
point towards a digital analogue of this system. The efficient, fixed-state recurrent
models, with their O(1) update cost are the ideal candidates for the role of compu-
tational working memory.
This suggests that hybrid models are not a compromise, but can be the central
design pattern. One can envision an architecture where a powerful recurrent core
acts as the central processing unit, performing the heavy lifting of reasoning and
problem-solving by iterating its internal state.
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Conclusion

This thesis embarked on a journey to rethink sequence models, motivated by two
converging trends: the rise of test-time compute as a new scaling frontier and the
computational bottlenecks of the Transformer architecture. We began by stepping
back from modern engineering heuristics and grounding our investigations in the
rich literature surrounding associative memory. By tracing the evolution of sequence
models through this theoretical lens, we presented a unifying framework wherein ar-
chitectures are understood as different algorithmic solutions to a continuous online
optimization problem. This perspective allowed us to move beyond simply describ-
ing architecture and towards a more fundamental understanding of the principles
governing their behavior.
Our work has sought to bridge the gap between this theoretical understanding and
practical applications. We have demonstrated that the future of scalable reasoning
may not lie in a monolithic architectural choice but in a union of paradigms. The
hybrid models at the core of this thesis, which interleave the non-parametric, global
memory of attention with the compressed, fixed-state memory of recurrent layers,
represent a concrete step in this direction. Through our empirical investigations,
we have not only validated their efficacy but have also begun to chart the complex
trade-offs between architectural design, reasoning capability, and representational
learning. This concluding chapter will reason about the primary contributions and
findings of this thesis, reflect upon their broader implications, acknowledge the lim-
itations of our work, and offer an outlook on the future of intelligent architectural
design
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Contributions

First, on a theoretical level, we have presented a comprehensive associative memory
viewpoint that unifies a wide range of modern sequence architectures. By framing
the forward pass as an online optimization process, we have shown that the update
rules of models from Linear Attention to Gated DeltaNet can be rigorously derived
from first principles. The architectural diversity we observe is a direct consequence
of different choices for the core components of this optimization: the attentional
bias, which defines the learning objective, and the retention regularizer, which gov-
erns the forgetting mechanism. This framework provides a common language and
a structured design space that demystifies the connections between seemingly dis-
parate models and provides a principled basis for future innovation.
Second, on a methodological level, we have developed and validated a practical
pathway for creating large-scale, inference-efficient hybrid models. Recognizing the
prohibitive cost of pretraining novel architectures from scratch, we adapted a multi-
stage, cross-architecture distillation framework. This procedure leverages the im-
mense investment in open-source Transformers by seeding a recurrent hybrid "stu-
dent" with the parametric knowledge of a pretrained "teacher," followed by knowl-
edge distillation and supervised fine-tuning. This methodology serves as a valuable
tool for the research community, lowering the barrier to entry for exploring the vast
design space of hybrid models and enabling the creation of powerful, specialized
reasoners with a fraction of the computational resources.
Third, through our empirical investigations, we have provided the first systematic
exploration of these hybrid architectures in the context of mathematical reasoning
and test-time scaling. Our pretraining experiments at the 150M scale revealed a
non-linear relationship between the proportion of attention layers and performance,
suggesting that a small amount of attention provides a disproportionate reasoning
benefit. Furthermore, we put forward a glimpse into the representational differences
between architectures.

Main Findings

Perhaps the main finding is that peak performance and architectural purity are not
synonymous. Our experiments consistently show that hybrid models composed of
only 15-25% attention layers can achieve a substantial fraction of the reasoning per-
formance of a pure Transformer. It suggests that the relationship between different
layers is not homogeneous and some layers may be more critical for global informa-
tion routing, while others can effectively operate with a more compressed, local view
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of the sequence. This has profound implications for architectural design, suggesting
a future where models are not uniform stacks of identical blocks but are instead
hybrid systems with layers specialized for different computational functions.
Furthermore, our work highlights both the promise and the issues of cross-architecture
distillation. While our three-stage procedure successfully produced performant hy-
brid models, fully recovering the teacher’s capabilities proved challenging. This
finding implies that while distillation is a powerful tool for rapid prototyping and
research, achieving state-of-the-art performance with novel architectures will likely
still require the immense investment of direct pretraining. Disentangling the inherent
limitations of a student architecture from the procedural artifacts of the distillation
process itself remains a critical and open area of research.

Limitations and Avenues for Further Research

This thesis, while comprehensive in its scope, is subject to several limitations that
naturally give rise to avenues for future work. First, our pretraining experiments
were conducted at the 150M parameter scale. While this provides a controlled
environment for architectural comparison, it remains an open question whether the
specific trade-offs and scaling trends we observed hold true for models at larger
sizes. Verifying these findings at a larger scale is a crucial next step. Second,
our investigation focused on a specific class of mathematical reasoning tasks. The
optimal balance between attention and recurrence is likely to be task-dependent.
Future work should explore the performance of these hybrid architectures on a wider
range of tasks, to develop a more holistic understanding of their capabilities. As
outlined in our discussion, exploring recurrent depth and latent reasoning might
prove to be a powerful and useful way of scaling reasoning capabilities. Our results
show that reasoning capabilities is not merely a function of memory size, but might
be an interplay between different types of memory and computation.
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Appendix A

Appendix

A.1 Chunkwise training of algorithms

Here we present a short explaination of the chunkwise training algorithm behind the
efficiency of linear attention variants. storing the full hidden state matrices, typically
require expensive memory transfer from the GPU memory. Matrix multiplications
on modern GPUs, on the other hand, are highly optimized using tensor cores and
we can leverage this to only store the hidden states once every chunk of size C.
We will particularly look at the chunkwise parallel form of linear attention. This can
be extended to other variants and we encourage the reader to check the beautiful
FlashLinearAttention Library (Yang and Zhang, 2024). The basic idea behind this
form is that the outer product can be written as matrix multiplications,

T∑
i=1

vik
T
i = V TK

T
T (A.1)

where V T = [v1,v2, . . . ,vt] (A.2)

KT = [k1,k2, . . . ,kt] (A.3)

The goal is to materialize states at every C chunksize M 0,MC ,M 2C , . . . ,M (n−1)C

where n = ⌈L/C⌉.
Denote by M [i] = M iC ∈ Rd×d,
M r

[i] = M iC+r ∈ Rd×d,
Q[i] = QiC+1:(i+1)C ∈ RC×d,
K [i] = KiC+1:(i+1)C ∈ RC×d,
V [i] = V iC+1:(i+1)C ∈ RC×d,
O[i] = OiC+1:(i+1)C ∈ RC×d,

67
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qr
[i] = qiC+r ∈ R1×d,

kr
[i] = kiC+r ∈ R1×d,

vr
[i] = viC+r ∈ R1×d,

or
[i] = oiC+r ∈ R1×d,

For any position r within chunk i, we can compute

Mr
[i] = M[i] +

r∑
t=1

vt
[i]k

t⊤
[i] (A.4)

or
[i] = Mr

[i]q
r
[i] = M[i]q

r
[i] +

r∑
t=1

vt
[i](k

t⊤
[i] q

r
[i]) (A.5)

and in matrix form,

M[t+1] = M[t] +V⊤
[t]K[t] ∈ Rd×d (A.6)

O[t] = Q[t]S
⊤
[t] + (Q[t]K

⊤
[t] ⊙ Γ)V[t] ∈ RC×d (A.7)

This chunkwise formulation enables efficient hardware utilization and enables scal-
ing, an important requisite for intelligence.

1 import numpy as np
2

3 def linear_attention_naive(Q, K, V):
4 """
5 Q, K, V : (T, d) Query , Key , Value tensors
6 returns O : (T, d)
7 """
8 T, d = Q.shape
9 S = np.zeros ((d, d)) # cumulative prefix state

10 O = np.empty_like(Q)
11

12 for t in range(T): # left -to-right along the sequence
13 q, k, v = Q[t], K[t], V[t]
14

15 O[t] = q @ S.T # prefix contribution
16 O[t] += (q @ k) * v # current token
17 S += np.outer(v, k) # update state
18

19 return O

Listing A.1 Naive causal linear attention (single head)

1 import numpy as np
2
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3 def linear_attention_chunkwise(Q, K, V, C):
4 """
5 Q, K, V : (T, d)
6 C : chunk length
7 returns O : (T, d)
8 """
9 T, d = Q.shape

10 S = np.zeros((d, d)) # carries prefix state
11 O = np.empty_like(Q)
12 n_chunk = (T + C - 1) // C # ceil division
13

14 for c in range(n_chunk):
15 s = c * C
16 e = min((c + 1) * C, L) # slice [s:e)
17 Qc , Kc , Vc = Q[s:e], K[s:e], V[s:e]
18 m = e - s
19

20 mask = np.tril(np.ones((m, m))) # causal mask
21

22 Oc = Qc @ S.T
23 Oc += ((Qc @ Kc.T) * mask) @ Vc # in-chunk causal part
24 O[s:e] = Oc
25

26 S += Vc.T @ Kc # update prefix state
27

28 return O

Listing A.2 Chunkwise causal linear attention (chunk size C)

A.2 Dataset Examples

As mentioned in Section 3.2.1 we provide more details for the dataset here.
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A.2.1 OpenMathInstruct2

OpenMathInstruct2

Question:
Ben throws four identical darts. Each hits one of four identical dartboards on the wall.
After throwing the four darts, he lists the number of darts that hit each board, from
greatest to least. How many different lists are possible?

Answer:
## Step 1: Understand the constraints of the problem
There are four identical darts and four identical dartboards. The task is to list the
number of darts that hit each board from greatest to least.

## Step 2: Enumerate the possibilities. Given the constraints, we can start by
listing the possibilities systematically, starting with the highest number of darts on one
board and then distributing the remaining darts across the other boards in decreasing
order.

## Step 3: List all possible distributions
1. All four darts hit one board: 4, 0, 0, 0
2. Three darts hit one board, and one dart hits another: 3, 1, 0, 0
3. Two darts hit one board, and two darts hit another: 2, 2, 0, 0
4. Two darts hit one board, one dart hits another, and one dart hits yet another: 2, 1,
1, 0
5. One dart hits each board: 1, 1, 1, 1

## Step 4: Count the different possibilities
There are 5 different ways to distribute the darts as listed above.

The final answer is: 5
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A.2.2 MetaMathQA

MetaMathQA

Question:
Quantities r and s vary inversely. When r is 1200, s is 0.35. What is the value of s

when r is 2400? Express your answer as a decimal to the nearest thousandths.

Answer:
If r and s vary inversely, then we know that r · s = k for some constant k.
We are given that when r is 1200, s is 0.35. So we can set up the equation:
1200 · 0.35 = k

Simplifying, we find that k = 420.
Now we can use this value of k to solve for s when r is 2400:
2400 · s = 420

Dividing both sides by 2400, we find that s = 0.175 to the nearest thousandths.
The answer is: 0.175

A.2.3 GSM8K

GSM8K

Question:
Julie is reading a 120-page book. Yesterday, she was able to read 12 pages and today,
she read twice as many pages as yesterday. If she wants to read half of the remaining
pages tomorrow, how many pages should she read?

Answer:
Maila read 12 x 2 = «12*2=24»24 pages today.
So she was able to read a total of 12 + 24 = «12+24=36»36 pages since yesterday.
There are 120 - 36 = «120-36=84»84 pages left to be read.
Since she wants to read half of the remaining pages tomorrow, then she should read
84/2 = «84/2=42»42 pages.
#### 42
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A.2.4 MATH500

MATH500

Question:
Let x, y and z be positive real numbers that satisfy the following system of equations:

log2

(
x

yz

)
=

1

2

log2

( y

xz

)
=

1

3

log2

(
z

xy

)
=

1

4

Then the value of
∣∣log2(x4y3z2)∣∣ is m

n where m and n are relatively prime positive
integers. Find m+ n.

Answer:
Denote log2(x) = a, log2(y) = b, and log2(z) = c.
Then, we have:
a− b− c = 1

2

−a+ b− c = 1
3

−a− b+ c = 1
4

Now, we can solve to get a = −7
24 , b =

−9
24 , c =

−5
12 . Plugging these values in, we obtain

|4a+ 3b+ 2c| = 25
8 =⇒ 033 . akliu

log2(y/xz) + log2(z/xy) = log2(1/x
2) = −2 log2(x) =

7
12

log2(x/yz) + log2(z/xy) = log2(1/y
2) = −2 log2(y) =

3
4

log2(x/yz) + log2(y/xz) = log2(1/z
2) = −2 log2(z) =

5
6

log2(x) = − 7
24

log2(y) = −3
8

log2(z) = − 5
12

4 log2(x) + 3 log2(y) + 2 log2(z) = −25/8

25 + 8 = 033 Callisto531

Adding all three equations, log2(
1

xyz ) = 1
2 + 1

3 + 1
4 = 13

12 . Subtracting this from
every equation, we have:

2 log2 x = − 7

12
,

2 log2 y = −3

4
,

2 log2 z = −5

6

Our desired quantity is the absolute value of 4 log2 x + 3 log2 y + 2 log2 z = 2( 7
12) +

3/2(34) +
5
6 = 25

8 , so our answer is 25 + 8 = 033 . Spoirvfimidf
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A.2.5 OpenR1-Math-220k

OpenR1-Math-220k

Question:
Let hn and kn be the unique relatively prime positive integers such that

1

1
+

1

2
+

1

3
+ · · ·+ 1

n
=

hn
kn

.

Let Ln denote the least common multiple of the numbers 1, 2, 3, . . . , n. For how many
integers with 1 ≤ n ≤ 22 is kn < Ln?
(A) 0 (B) 3 (C) 7 (D) 8 (E) 10

Answer:
<think>
Okay, so I need to figure out for how many integers n between 1 and 22 inclusive, the
denominator kn of the harmonic number Hn = 1+1/2+1/3+ ...+1/n (when written
in lowest terms) is less than the least common multiple Ln of the numbers 1 through n.
The answer choices are given, and the correct answer is among A to E, with E being 10.
First, let me recall that the harmonic number Hn is the sum of reciprocals from 1 to n.
When you sum these fractions, the denominator in reduced form (kn) is not necessarily
equal to the LCM of the denominators, which is Ln. The question is asking for how
many n from 1 to 22 does kn < Ln hold true. That is, in how many cases does the
denominator of the reduced fraction Hn not equal the LCM of 1 through n.
I remember that when you add fractions, the denominator of the sum in reduced form
is the LCM of the individual denominators divided by some common factors that might
exist in the numerators. But in this case, since we’re adding 1 + 1/2 + ... + 1/n,
each term is a reciprocal of an integer. When adding these up, the denominators can
sometimes share factors, so when you sum them, the reduced denominator might have
factors canceled out. . . .
</think>
. . .
**Manual Calculation and Known Results**
For n = 6, 7, 8, the denominators kn are 20, 140, and 280 respectively, which are less
than Ln. For higher n, primes such as 3, 5, 7, etc., can divide the numerator of Hn,
leading to kn < Ln.
**Conclusion**
The values of n where kn < Ln are found to be 6, 7, 8, 18, 20, 21, and 22. However,
considering known results and systematic checks, the total count is 8.
Thus, the number of integers n with 1 ≤ n ≤ 22 such that kn < Ln is D .
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A.2.6 OpenThoughts-114k-math

MATH500

Question:
Return your final response within \boxed{}. Let a, b, c be positive real numbers. Prove
that

1
a(1+b) +

1
b(1+c) +

1
c(1+a) ≥

3
1+abc ,

and that equality occurs if and only if a = b = c = 1

Answer:

<|begin_of_thought|> Okay, so I need to prove this inequality: 1
a(1+b) + 1

b(1+c) +
1

c(1+a) ≥ 3
1+abc , where a, b, c are positive real numbers, and equality holds if and only

if a = b = c = 1. Hmm, let me try to think through this step by step. First, I
remember that inequalities often involve techniques like AM-GM, Cauchy-Schwarz, or
other classical inequalities. Maybe I can start by looking at each term on the left side
and see if I can manipulate them to relate to the right side. The left side has three terms:

1
a(1+b) ,

1
b(1+c) , and 1

c(1+a) . Each denominator has a variable multiplied by 1 plus another
variable. The right side is 3

1+abc , which is symmetric in a, b, c. Since the equality case
is when all variables are 1, maybe substituting a = b = c = 1 gives both sides equal
to 3/(1 + 1) = 1.5, and the left side becomes 1/(1 ∗ (1 + 1)) three times, which is
0.5 ∗ 3 = 1.5.
. . .
<|end_of_thought|>
<|begin_of_solution|>
To prove the inequality 1

a(1+b) +
1

b(1+c) +
1

c(1+a) ≥
3

1+abc for positive real numbers a, b, c
with equality if and only if a = b = c = 1, we proceed as follows:
### Key Steps and Proof:1. **Substitution for abc = 1:** - Assume abc = 1.
Let a = x

y , b = y
z , c = z

x . This transforms the left-hand side of the inequality into:
yz

x(y+z)+
zx

y(z+x)+
xy

z(x+y) - Using the AM-GM inequality on each term, we show: yz
x(y+z) ≥√

yz
2x - Summing up these inequalities and applying AM-GM again, we get:

∑ yz
x(y+z) ≥

1
2

(√
yz
x +

√
zx
y +

√
xy
z

)
≥ 3

2

**General Case via Scaling:** - For any positive real numbers a, b, c, let k = abc. Scale
the variables to a′ = ak−1/3, b′ = bk−1/3, c′ = ck−1/3 such that a′b′c′ = 1. - Applying
the proven inequality for abc = 1, we have:

∑
1

a′(1+b′) ≥ 3
2 - Reverting the scaling

confirms the original inequality holds for general a, b, c.
**Equality Condition:** - Equality in the AM-GM steps occurs when all terms are equal,
leading to a = b = c = 1.

### Final Answer
1

a(1 + b)
+

1

b(1 + c)
+

1

c(1 + a)
≥ 3

1 + abc
Equality holds if and

only if a = b = c = 1.<|end_of_solution|>
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A.3 Further Pretraining Plots
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Figure A.1 Cross-entropy loss and perplexity for the Mamba Hybrid models. For each
percentage of hybrids, we choose the best one from the hyperparameter sweeps.
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Figure A.2 Cross-entropy loss and perplexity for the GDN series.
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Figure A.3 Sliding Window attention hybrid models. We use a sliding window of 1024
for a training sequence length of 2048.
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Figure A.4 Parallel Hybrids, i.e, For each layer, 50 percent of the heads are of linear
attention variant. Introduced in Dong et al. (2024) and also used in Zuo et al. (2025) to
train large scale models.
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